








Chapter 7 Days and Weeks

Calculate the month and day:

M = INT(D/30.57)

D = D — INT(30.57*M)

Adjust month and year if necessary:
IfM> 12thenset Mtolandadd 1to Y.

For example, let’s calculate the date corresponding to a pseudo-Julian
date of 724164 (this is 1 higher than the pseudo-Julian date that we cal-
culated earlier on). The calculations are as follows:

Y = INT(724164/365.26) + 1
= INT(1982.5987) + 1
= 1983

D = 724164 — INT(365.25*1983 — 395.25)
= 724164 — INT(724290.75 — 395.25)
= 724164 — INT(723895.5)
= 269

The year 1983 is not a leap year so that D1 is 2. The value of D is greater
than 91 — D1 and so we add D1 to D. Thus the value of D is now given by

D =271

M = INT(271/30.57)
= INT(8.86490023)
=8

D = 271 — INT(30.57*8)
=271 — INT(244.56)
=271 — 244
=27

The value of M is not greater than 12 and so we are finished, with values
of D =27,M = 8and Y = 1983. Thus the date corresponding to the
pseudo-Julian date of 724164 is 27th August 1983.

The next program performs all the above sort of calculations quickly
and provides a listing of dates that are a specified number of days apart.
For convenience the program only works for dates in the 20th century. You
should be able to make any changes necessary for another century quite
easily.

Warning. Dates are entered in the form DD/MM/YY, for example 12th
March 1984 would be entered as 12/03/84 or 12/ 3/84 butnot as 12/3/84.
Not too many checks have been made for the date entered, and you could,
for instance, enter 30/02/83. The program would think of this date as 2nd
March 1983 (can you see why?).
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1@ REM DATE

20 FORE SE2B1L, 7 FRINT CHRECLA7) , CHRE CRED
ODATE MANAGEMENT"  CkHRE L7

SQOPRINT CHRG VONTHIS PROGRAM  FROV LDES
THE LTSTING QF"

4@ FRINT "DATES THAT ARE & SPECTFTED NUM

BRER OFY

SEOFRINT "DAYES AFART., Y CHRE CL7)

6O REM ENTER START DATE

7@ FRINT "TYFE TN DATE AS DD/AMM/YY, .G
VS 7 @re4

BE Gy INFUT O "ENTER START DTy s P

RINT

SO OLF O LENCSE)Y 8 THEN FRINT TN THE  FORM
DO/MM/ZYY " GOTO 96

LA LF MID®E CBE R, L s 0RO MIDE (S b L)
/N THEN S FRINT ., "USE DD/ZMM/ YY" s GOTO 80
L@ D=VAL (MIDE (SH, 1,3 ) s M=VAL (MIDE (5%, 4,

A ) e YsVAL (MIDE (B8, 7,2+ 1900

2@ TF DO=@ OR DEIL OR M= OR M>LE THEN
FRINT, "DAY . MONTH ERFROR":GOTO 80

15@ REM DATE FORM 18 NOW IN REASONSRLY

ORRECT FORM

LA4G REM CaLOCULATE THE FSEUDO-JUL TAN DY

T IWIPRGHTE T S A I IS

MANAGEMENT

D
16 REM AaDJUST FOR LEAF YEMR
7@ TF MeE THEN XeX-20 IF INT (Y /74 %4=Y  TH

S

180 REM ENTEFR ITNTERVAL OF DAYS

19@ FRINT "ENTER INTERVAL TN DAYS BETWEE
NODATES., "

A0@ Fe@ INFLUT CINTERVAL ¢ "a P PRINT

L@ TF POm@ ORINT RO b THEN FRINT, " TYR
B NUMBER"GOTO 200

SR FRINT UNUMEBER OF TIMES ITNTERVAL REGLU
TRED .M

@ N=@ s TNFLT  UNUMBER & s Ng PRINT

240 TFOINT N =N THEN FRINT A WHOLE NUM
EARCRM e GOYTO E050

wad@  TF Ne=@ OR N*LQ@ THEN FRINT, "EE REAS
ONARLE" s GOTO 2750
SEHQFRINT CHRE CRE) 0 REM COLGUR FOR FRIN
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TING DHTTE
‘7% th I m TH N

D X INI( hd,

i Hﬂl(Y/ﬂ)*d 1
i D1 THEN L D*Dl

4 INTCDZ5@ 57y FEM MONTH

i e WINTTCR@ ST MY n REM DAY

H i THEN Masdoy Yay |

4 mmwmw

. T DISHLMY

' I* HRw: D LA
vl JE SO@ DEmDga ke /!
b 1=Y“hUﬁUH S D des D LoF

I 8 O W A B W

“ g XmXoeRoon o REMOOINTERVAL ADDED

4250 NEXT

A40 FECONT s FRONT D FFINT  CHFSE C5) " AN THER

GOy OR N (Hh&(«l)'

AEQGET B TFOGE Y AND GEa FUNY S THEN 4

%]

Al TF Gy TREN PRINT 2 FUN

470 FRINT CHRE CL47) "BYE FOR NCOW!" s END

EOE R FORMAT  SUEROLT TNE

B 7w T DE CBTRE (20 e s TR LEN (28 <k THEN
Lo QT 2

B FRETURN

FREMALDY W
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CHAPTER 8
Greatest Common Divisor

If A and B are integers (whole numbers) then a common divisor (or
common factor) of A and B is an integer which divides both numbers.
And, the greatest common divisor (or highest common factor) of A and
B is the largest such integer.

For instance, 3 is a common divisor of 12 and 18. But 6 is the greatest
common divisor of 12 and 18.

Calculating the greatest common divisor of two numbers is not
particularly complicated. Especially for a computer. The method
employed serves as a good illustration of a computational algorithm.

The Euclidean algorithm is the most well-known and oldest (third
century B.C.) method of computing the greatest common divisor. If you
want to find the greatest common divisor of A and B then the procedure
is as follows.

1. Rename A and B (if necessary) so that A is greater than B.
2. Divide A by B and find the remainder R,.

R, = A - B*INT(A/B)

Notice that every number that divides A and B also divides R,. And,
conversely, every common divisor of B and R is also a divisor of A. It
follows that the common divisors of A and B are the same as those of B
and R,. Thus the greatest common divisor of A and B equals the greatest
common divisor of B and R,.

3. Now divide B by R, and find the remainder R,.
R, = B - R, *INT(B/R))
The remarks made above between the numbers B, R, also apply to R,

R,. Thus the greatest common divisor of A and B equals the greatest
common divisor of R, and R,.

4. Next, divide R, by R, to get a remainder R,.
R, = R, — R, *INT(R,/R,)
The process is continued in this manner until the remainder is zero.

Notice that the remainders are decreasing on each occasion and so
reaches zero after a certain number of steps.
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A — B*INT(A/B) (0 <= R<B)
B - R *INT(B/R)) (0 <= R<R,)
R, — R, * INT(R /R,) (0 <= R<R,)

R,
R,
R

3

° °
° °
°
Ry = Ry = Ry ,*INTR_ /Ry ) (0 <= R, <R
Ry =R, = Ry *INTR_ /Ry ) (Ry =0)

When the remainder reaches 0 we see that the previous remainder R

N-2)

is

the greatest common divisor of R, _,and R, _,. Arguing in this way we see

that R, _, is the greatest common divisor of A and B.

The process outlined above is easily computerised. A program doing this

is given below.

L@ REM Gt TS T COMMON DTV L&D

B@OPRINT CHi® CL47) GREOTES T GOM

MUON DIVISOR™  CHHEE L7

WEOFREINT "UTHLES PROGRAM COLCULATES THE (i

ey h& T

4@ PRINT CCOMMON DIVEGOR OF  TWO TN &
WETNG  THEEUGL TDEAN  ALEGORTTHM, " [ R () / )

SO OFPRINT CENTER THE  TWO TN RS I W ST
12

&H@ LN lJl ORTIREGT TNTE
7@ L G TNT ¢

GBEOINL T GOTA LW

B LN AN ENT B G

Y@OLE ROl OF .IL N CER D 5 )

BTN s
1@ LF i

Foomw o FRINT
vOTHEN FRINT “TRY @

TRY M

e
1@

) K lNl (F /%)
.Z=W THEN ety

SR 100 I I 14
! l I |k '

COFIMEN DIVIGOR |
AHEE CL)
(1;“) CTRHE LEAST COMMON MU
. 1., ROUNT o R CLSE ) s Axk /8

LA FRINT s FRINT CHRE CLEA)  "ANCTHER GOy
O N

LE GET Gl TR G Y AND G N THEN ]

1R TF Gty THEN RUN



Chapter8 Greatest Common Divisor
DO FRCINT CHEGE LA T REYE S FOR NOW" 3 EIND
FREZADY W

The program also calculates the least common multiple of A and B. The
least common multiple of two numbers A and B is the smallest number
which is divisible by both A and B. The value of the least common multiple
of A and B is given by

A*B/(greatest common divisor)
If the greatest common divisor of A and B is D then it is possible to write
D as a combination of A and B:
D = S*A + T*B
where S and T are integers. The values of S and T can be found by working

backwards with the Euclidean algorithm. Modify the greatest common
divisor program so that it also.computes S and T.
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CHAPTER 9
Primes

A prime number is an integer (greater than 1) that is not divisible by any
positive integer other than 1 and itself (of course, by divisibility we mean
exact divisibility). The numbers 2, 3, 5, 7 and 11 are prime, but 4, 6, 8, 9
and 10 are not. Non-prime numbers are called composite.

There is no general formula for prime numbers, but Euclid showed (in
about 300 B.C.) that there are infinitely many primes. We also know that
primes occur less frequently among large numbers.

The testing of primes is of considerable interest. Attention has arisen
recently because of cryptography.

A simple and straightforward method of determining if a number N is
prime is called the Sieve of Erastosthenes. (Erastosthenes of Cyrene was
a Greek mathematician, 276-196 B.C., who also calculated the
circumference of the Earth.) The idea is to write down all the integers
from 1 to N. Then leave 2 and strike out all even numbers after 2. The
next number after 2 which has not been struck out is prime. This is 3.
Now strike out every third number after 3. The next number left after 3 is
5 which must be prime. Now strike out every fifth number after 5. This
process is continued. What remains are the primes between 1 and N.

The table below shows the result of a sieve on the numbers up to 100.
The multiples of 2 are crossed out by /, the multiples of 3 by —, 5 by \
and 7 by |.

2 3 ¥ 5 # 1 F 9 X
1 3 13 W & K 17 & 19 K
A 22 23 24 2 26 2+ I 29 3¢
31343}}43}5;;?37%—3;){
41 43 44 A% 47 & 4p  3q
ﬁﬁsa%xsﬁ%%w&
61 67 €3 64 6. 6 67 66 69
71 3% 73 M4 3% K P O 19 ¥
$ $Z 83 H& BL 86 8F $¥ 89 4
91 92 93 94 95 S 97 98 99 Peq

The following program uses the sieve of Erastosthenes to produce a list
of prime numbers less than some given number N. This number is
INPUT at the start.
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1@ REM STEVE OF ERASSTOSTHENES

DOOFPRINT CHRECL47) " BIEVE OF BERA

STOSTHENES " CHR#CL7)

BQOFRINT "THIS PROGRAM WILL CALCULATE TH

EOPRTME"

4@ FRINT "NUMBERS UFTO SOME GIVEN NUMEER
NOOHRE (L)

@ OINELT MU TO WHAT NUMEBER s Ne FRINT

U OTF ONCA QR OINT N <N OR NHLSOOO  THEN #

RINT "BE REASONARLE., "+ GOTO 5O

7@ DIM AL N s FRINT CHRE CLEE)  VRRTMES P RO

MR TOM N FRINT

B FOR T=2 T0O N

QO T AL =1 THEN 15O

1O@ 1F Z9-F06 (@) CLENBTRE (L)) THEN PRINT
1@ FRINT I

L@ FOR JsD TN BTER LeA% I = NEXT

LA NEXT S FRINT

140 FRINTFRINT CHRE CVS4) L ANOTHER GO Y
RN

TE@ GET GHEy TF GF0 "Y' AND G N THEN 1

5

Lad TR GE=ty" THEN RUN

LTOOFRINT GHRECLA7) "RBYE FOR NOW" s END

FREADY .

Note that for large numbers the program starts off slowly; but soon
starts printing primes very fast. It takes about 7 minutes and 21 seconds to

print the primes between 2 and 15000.

The sieve of Erastosthenes is conceptually easy. It is useful if you want a
list of prime numbers. But it is not a very practical method of testing

whether a number is prime.

A simple way to check if a number N is prime is to check whether it is
divisible by the numbers smaller than N, step by step. The following
program illustrates this method. A clock is included to indicate how long it

takes to test the number for primality.

REM FRIMES VERSTON )
FRIONT CHR$ (147) " INEFFTOLTENT FRIME
TESTER VERSION 1" CHRE (17
F@OINFLUT UNUMBER TO RE TESTED “sNiPRINT
4@ TF NG44 OFR NS EINT ONDY O THEN FRINT  "ERE RE
ABONAELE"» GOTO 5@
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SE AFs Tk OO s XaN-]

H@ FOR I=2 70 X

7@ TN/ Te TFOINT 7Y = T THEN A UNOT " e

X

B ONEXT

G@ FEINT UTHE NUMEBER TS " Af CPRIME. "

1Q0 FRINTsFRINT "TIME TAREN TCO TEST NUME

ER e ENTCT L 7600, %) "SECONDS"

110 FRINTFRINT CHRE CLS4)  "ANOTHER GO Y
OR N

L0 GET G DRG0 R0y AND G FUNT O THEN

"

LED IR GHEs=0YY THEN RUN

PA@ FERINT CHRE CL47) "RYE FOR NOW" 5 2ND

FEADY W

The program works but it really is inefficient and slow. For instance to
test the primality of 9001 takes about 113 seconds. A little thought will

produce enormous benefits.

For a start we needn’t bother using all the numbers between 2 and N. We
need only use the numbers between 2 and INT(SQR(N)). Becauseif Misan
integer which divides N and is greater than INT(SQR(N)) then N/M is an
integer that divides N and is smaller than INT(SQR(N)). This simple

addition is included in version two below.

1 REM FRIMES VERSTON 2

a0 FRINT CHREL47) © ITNEFFTOTENT PR ME
TESTER VERSTON 2" CHR$ (17D

B INFLT UNUMEBER S TO BE TESTED "s N FRINT

4@ TF O NCA OF N =TNT OMY O THEN FRINT YERE RE

PGOINMARLE " o GOTO 3

S AF= e T L= QAAAA@ M 5 X=GCH (M)

AU FOR L= TO X

J@ TeNZTa LFOINTCTY = 7 THEN Ad="NOT "y L

X

BE NEXT

SO FRINT "THE NMUMEBER 16 Y AfF "FRIME."

10 FRINTeFRINT "TIME TAKEN TO TEST NUME

ERYy INTCTYZ76@+@.5) "¢ CINDY&

11@ FRINT: FRINT CHRE CLE4) , "ANOTHER GO Y
R N

120 GET s TR OGE >0y AND G =N THEN )

i)
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LA@ LR GEm=UY" O THEN RUN
140 FEINT CkHR# CL47)  "EYE FOR NOW" 5 END

FREMADY W

This version works considerably faster. Testing the number 9001 now
takes just over 1 second. A larger number, such as 987654323 takes about
387 seconds to test. Don’t attempt to test such a large number with version
1 — unless you enjoy looking mindlessly at your television screen.

Remark. The addition incorporated in Prime Version 2 could also be
incorporated in the program Erastosthenes to produce Erastosthenes 2.
With this addition it takes 6 minutes and 21 seconds to print out the primes
from 2 to 15000.

1 REM STEVE OF ERASTOSTHENES 5 WITH ADD
TTIONS

AROFRINT CHRE 147 " GBIEVE OF ERA
BTOSTHENES" CHRE (L7

H@OFRINT "THIS FROGRAM WILL COLOCULATE TH
B RIME"

A0 FRINT "NUMEBERS URTO SOME GTVEN NUMEER
OCHRE L)

SEOOTNFUT LR TO WHAT NUMEBER s Me FRINT

GO TF O NC4 ORTNT ONY < =NOOR NELEQ@@  THEN =
FOINT  "ERE REASONARLE., "2 GOTO S0

7@ ODIM AL N s FRINT CHERE CLEB)  "FRIMES FRO
MR TO" s M FRINT : S TNT (SRR CND 1)

8@ FOR L= 70 N

Q@ 1TF A% D)=L THEN 1350

180 IF E9-FOS (@) CLENSTRE (D) ) THEN FRINT
1180 FRINT Iy

1a@ TF TG THEN FOR J=1 T0 N S@TEF Lea%(

1EQ NEXTsFRINT

LA FRINTS FRINT CHRE CLS4)  "ANOTHER GOY Y
QR N

LHQ GET G TF GFCH"Y " AND G N THEN L

He

16@ TF GE="Y" THEN RUN

170 FRINT CHRE CL47)  "RYE FOR NOW!" s END

READY .

We can further improve the program Primes Version 2 by taking a tip
from the sieve of Erastosthenes. We can miss out all even numbers bigger
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than 2 and miss out every third number after 3. These suggestions have
been added to the third version of the program.

1@ REM FRIMES VERGTON X

2@ FRINT CHRE CLA7) W "FRIME TESTER VERSTON
A GHRE CLT)

S@OTNPUT UNUMEER T BE TE ELY s Ny FRINT
4@ TF N4 O N FTNT OND THEN FRINT  "RE RE

AECINAELE " 5 GOTE 5@

SR LF INT(NZZ) = N/Z2 THEN Ag="NOT “3GOTO
S0

S OTF OINTON/ZE) = N/ZZ THEN Ads'NOT i GOTO
90

60 FOR I=% TO X STEP 6

7@ TmN/Ly IF INTCT) = T THEN Ads"NOT "yl

TsN/ (L4208 IF INTCT) = T THEN Adks " NOT

i) CTHE NUMEER T8 " A% TFRTME., "
FRINT s FRINT "TIME TAREN TCO TEST MNMUME

ER"s INTCTIZ76@+0. 5)  "GECONDS"

110 FRINT S FRINT CHRE (154) , "ANOTHER GO Y

OF N

L@ GET G TR GHEC XYY AND GHEC N THEN L

)

1A TF GF="Y'" THEN RUN

LA@ FRINT CHRE (1L47) "RYE FOR NOW'" s END

FEADY .

This speeds up the program a little. Testing the prime 987654323 now
takes about 133 seconds which is quite reasonable.

A composite number may be written as a product of prime numbers. For
instance

6=3%2
24 = 3*%2%2%2
81018001 = 9001 * 9001

and so on. The various primes that occur are called the factors of the
number. By adding a few extra lines to version 3 we can have all the factors
of a number displayed.

The next program prints out the factors of a number.
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1@ REM FRIME FaCTORS

ROOGOTO 7O v KEM ONEXT BT OIS SUBROUT LNE
A TORES

K am/Te TR SRS PO () D LEN CBTRE (YY) ) THEN
Fie TN

B FRINT YaaN=Ts TaNAY S TP TmlINT CT) 0 THEN X
&

@ SmGRR (N Ly RETURN

@ OREM THE MATN FaRT

7@ OFRINT CHEE CLAT) (LR CLEA) FECTME B
ACTORS" CHEE CL7)

B TNFUT UNUMEBEER TO O BE TESTED e Ny FRINT
GO LF NCA OFRONGEINT OGN THEN FREMT "ERE S RE
ASONARLE " GOTO 8@

L@ FRINT CHR#E ) 0 THE FACTORES TF "y Ny " ek
EYOCHRE (L7

L@ T g Q0RO s XS CND 8 S XL

LE@ T=NZQe DFOINT O = 7 THEN GOSUR 50
LE@ Ta=N/Ze IF O INT T w0 T THEN GOSUE 5
149 FOR T=8 T0O X STEF &

LE@ TN/ Ly TFOINTOTY w0 7 THEN GOSBUE 29
1A T=NA CIe2) o TFOINT O = T THEN  GOSLE
4]

160 NEXT
19Q TF  BB-FOS (0) «LEN (STRE (N) ) THEN FRINT
200 TF NxL THEN FRINT N3

10 FRINTS FRINT: FRINT CHR& CLES) THAT 8
ALl

220 PRINTDFRINT “TIME TO FIND FACTORS WA
Gy INT (TL/60+0, %) "SECONDS "

SO FRINT: FRENT CHR$ (154) , "ANDTHER GO Y
OF N

GAD GET G IF BEo Y AND GE N THEN 2
4

290 TF GaEsUY" THEN RUN

260 FRINT CHRE(147) "EYE FOR NOW": END

. F.'

READY .

If you enter a very large number into the program then the Commodore
64 will round off the number and find the factors of that number.
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Large primes

Finding large prime numbers is a pastime for some. The largest known
primes are usually Mersenne primes. Numbers of the form

2F — 1

are called Mersenne numbers because of the French monk, Father Marin
Mersennes who made some suggestions concerning the primality of such
numbers.

Many early writers believed that the Mersenne numbers are prime if the
exponent M is prime. For the first few cases this is indeed true.

22-1=3
2-1=7
25 —-1=31
27 -1=127

But for P = 11 the number is not prime.

21— 1 =2047 = 23*89

For at least the last 100 years the world’s largest known prime has always
been a Mersenne prime (except for a short period in 1951). Prior to January
1983, the largest known prime was

244497 — 1

a Mersenne prime discovered by David Slowinski in April 1979. This was
the 27th Mersenne prime known. In about January 1983 Slowinski found
the much larger prime

286243 -1

which is a Mersenne prime containing 25962 decimal digits. (It would fill
several pages of this book to write out the number completely.) The
computer that Slowinski used was a Cray — 1. This is an amazingly fast
machine, even so it took 1 hour 36 minutes and 22 seconds of computer
time to perform the test.

An arbitrary number of the size of 2286243 — 1 would be impossible to test
for primality using any of the programs in the previous section. But there
are special techniques for Mersenne numbers. These were developed
during the last 100 years. To test a number of the form N = 2P — 1 for
primality one defines a sequence as follows:
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U, =4
U, = U*U, — N*INT((U,*U, - 2)/N)
[ ]
[ ]
[ ] ®
U, , = U, *U _,—2-N*INT((U, ,*U, ,—2)/N)

Then N is prime if and only if U, = 0. This means that in order to test
for N being prime we need to perform approximately P simple
calculations. Performing 86243 operations would be quite simple for the
Commodore 64 if the numbers involved were small. But here one is dealing
with numbers that have 86243 binary digits and the Commodore 64 stores
32 binary digits. There are methods available to get around this problem
but we won’t go into the details here. See the next chapter.

Probabilistic primality testing

Given unlimited time we could test for the primality of an integer by trial
division. But time is limited, even for a computer.

In the last few years a new test has been devised which is based on an old
theorem of Pierre Fermat who lived during the 17th century. Fermat
showed that if P is a prime number and B is some other number between 1
and P — 1thenthe number BP-! — 1isdivisible by P. For instance, let P =
11and B = 2then2!'-! — 1is 1023 which is indeed divisible by 11.

Although Fermat proved his theorem for all values of B, the Chinese
mathematician Pomerance (5th Century B.C.) knew the theorem in the
case B = 2. Inaddition he believed, incorrectly, that the converse is true. In
other words he believed that if 2P-! — 1is divisible by P then P is a prime
number. However the number 341 divides 234 — 1 and 341 is not prime. We
call such a number a pseudoprime to the base 2. In general a composite
number P that divides BP~! — 11is called a pseudoprime to the base B. Most
numbers that appear to be pseudoprimes are in fact genuine primes. And
this is what the test is based on.

L@ REM PROBOBILISGTIC FRIMALITY TEST
WEOFRINT CHEGE CLA7) CHRg LS4 F R

ARELTSTIC FRIMALITY TEST" CHRE D7)
E@OTNFUT O UNUMBER TO RE TESTED 3N

AQ TN A OR NS FINT OND THERN FRINT  "EE RE
ASBONARLE" s FPRINT GOTO A

SEOREM OFACTOR Ned = G T) #X

GO T=@n XmNe-

Z@ DeX @ TFOINT D) sl THEN TeT oy XeeDy GOTE
7

SO REM SELECT BAGBE &
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Q@ EesRND C-T 1) s B TNT CRND 1) % (N5, @@ ) +
@)

LA FRINTFRINT CHRE ) CTEST
"By CHRE L7

M@ REM RATSE BOTO FOWER X
La@ P

LA OLF X=@ THEN 1L7@

1A4G D=X/80 TF D TNT (DY THEN  Frespokls g FopoN %
INT O /ND

LO@ BB by BN TNT CB/ZND & X ENT (D) s GOTO
1]

L&@ REM CHECKE BR™X

17 ] G FPasN-- L THEN 200

THEN FRINT "NUMBER IS NOT PRI

USTNG BASE

Vg 17@

19@ F
FOINT  UNUMBER T8 PFROBARLY FRIME" CHR

vl
FCLT)

1@ FRINT CHR$ CLEE)  "DOOYOW WAaNT TO TEST
THE NUMEER AGATN"

an@ FRINT "WITH ANCOTHER BAS
SR GET GEs IF O GFEC YT AND G
1]

A48 TF GEe="Y'" O THEN &0

AHO PRINTFRINT CHRE CLE4) , "ANOTHER GO Y
(IR N

abl GET G TR GF XUYY AND GF 2UNY S THEN 2
&

A7 TF GesmY O TRHEN RN

SEG FRINT CHRECL47)  "EYE FOR ONOW'™: END

Y OR N
UNYOTHEN 2

READY .

Try numbers such as 341 and 561, neither of which are prime. If you find
that they are a pseudoprime to some base then try another base.

Note. The program is fast but doesn’t work very well with large numbers
because of rounding off in the multiplications involved.
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CHAPTER 10
Odds and Ends

Pythagorean triplets

Recall the theorem of Pythagoras which has already been mentioned in
this book. It states that in a right angled triangle with sides X, Y and Z,
where Z is the hypotenuse (the longest side), the following relation holds.

X+ Y2 =22

The classic example that is readily recalled is the 3, 4, 5 right triangle.
¥+ =5

Another example is the 5, 12, 13 right triangle.
52 + 122 = 132

Of course there are infinitely many different examples of right angled
triangles. But, how many examples are there in which X, Y and Z are
integers? The answer is that there are infinitely many. Such numbers X,
Y and Z are called Pythagorean triplets.

How can we produce a list of some Pythagorean triplets? Naturally
such a list should not contain triplets that are products of another. For
instance, since 3, 4, 5 is a Pythagorean triplet so is 6, 8, 10. Pythagorean
triplets which have no common factor are called primitive. Thus 3, 4, 5 is
a primitive pythagorean triplet while 6, 8, 10 is not primitive.

Producing Pythagorean triplets could be time consuming were it not
for some mathematicians who managed to produce an elegant method of
generating primitive Pythagorean triplets. The technique is as follows.

1. Choose two positive integers A and B so that:

(a) A is greater than B.

(b) A + Bis odd (thus one of the numbers is odd and the other
is even)

(¢) A and B have no common divisor except 1.
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2. Calculate

X = A - B
Y = 2*A*B
Z = A+ B?

The numbers X, Y, Z are a primitive Pythagorean triplet. Conversely,
any primite Pythagorean triplet can be formed in this way. This
technique is used in the program Pythagorean Triplets to produce a list
of pythagorean triplets. The process starts with A = 2. The program
then finds all possible values of B satisfying the required conditions. The
value of A is increased and the process repeated. Twenty triplets are
printed out at a time. You may continue for as long as you like. The
starting value of A may be changed if desired.

1@ REM FYTHAGOREAN  TRIFLETES

BOOFRINT CHRE CLA7) , CHRE (LS4 "REYTHAGOREA
MoOTRREFLE G CHRE CL7)

BOOFRINT "THIS FROGRAM FRINTS OUT SOME
REMITIVEY

4@ FRINT "FYTHOAOGOREAN TRIFLETS. " CHR$ L7
)

EE@OFRINT Y FRESS Y TO START g ki@ (il e

GO GET GEr IF GECH"YY THEN 6

T OFRINT CHRECLA7) JOHRE (LS4)  "FPYTHAGEOREA

NOTRIFLETS" CHR%E L7

BO FRINT "COUNT KKk X KK ®H Y WK ¥ K
2o %M CRERE CLEBED

Q@ BBy TFORCL THEN s ] g By

LOD AL B =g

L@ NemTNT CAL/RL) 8 A=Al —-Neks]

L@ TF AR @ THEN AlsRL: Bl=AL0s GOTO 11@
LA IR BLO L THEN 9@

LAQ bosmbr Lo FRCIONT B, A% ERE 2% AR E % e ek
LE@ TFOINT (/2@ < sk /20 THEN 90

PEG FRINTFRINT CHRE CLE4) " CONTINUES Y
OFC Ny

170 GET G IF G2V AND GEF N THEN L

70

L8O L GE="Y" O THEN 7@

190 FRINT CHRE1L47) "RBYE FOR NOW" s END

READY .
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Multi-precision powers

The Commodore 64 keeps numbers with 9 significant digits accurately.
Thus integers less than 999,999,999 are stored accurately. Larger
numbers are rounded off. How can we calculate large powers of
numbers accurately? For instance, what is 2 to the power 130? The
answer is to use multi-precision arithmetic.

One way to produce multi-precision arithmetic is to store the digits of
a number in an array M(I). With M(0) storing the last 4 digits, M(1)
storing the previous 4 and so on. Thus 987654 would be stored as:

M(1) = 98, M(0) = 7654

The original number is recovered by converting the array elements into
strings and printing each in turn. Of course, it may also be recovered by
the formula:

M = M(1)*10* + M(0)

Suppose that we want to multiply M = 987654 by N = 23456. First we
would write these numbers into arrays M(I) and N(I).

M(1) = 98, M(0) = 7654
N(1) = 2, N(0) = 3456

Now form the following

C(0) M(0)*N(0)
C(1) = M(1)*N(@) + M(0)*N(1)
C(2) = M(1)*NQ)

The result becomes:

C(0) = 26452224
C1) 353996
CQ2) = 196

1

We then calculate the product M*N by the following

196*10% + 353996*10* + 26452224
= 19600000000 + 3539960000 + 26452224
= 23166412224

Of course the calculation is not done as shown above — the Commodore
64 would simply round off the numbers. What we do is strip
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off the digits from the left of C(0) so that only 4 are left. We add the
digits stripped off to C(1).

C(0) — 2224
C(1) = 353996 + 2645 = 356641

Next, strip off the digits from the left of C(1) so that only 4 are left. Add
the digits stripped off to C(2).

C(1) — 6641
C(@2) = 196 + 35 = 231

We therefore obtain the following:
C(2) = 231, C(1) = 6641, C(0) = 2224

from which we read immediately that
987654*23456 = 23166412224

This process is quite general. For other larger numbers there may be a
value for the array element M(2), M(3) etc. In such a situation we would
form the following.

C(0) = M(0)*N(©)

C(1) = M(D)*N(0) + M(0)*N(1)

C2) = MQ)*N(0) + M(1)*N(1) + M(0)*N(2)

etc.
After this the stripping process is performed when finally the answer can
be printed out.

The program Multi-Precision Powers illustrates how the process just
described may be used to calculate accurately powers of numbers. The
program continues until a 40 digit number is reached. If desired you can
have even higher degrees of accuracy by changing the value of X in line
80. The value of X + 1 times 4 is the degree of precision.

1@ FREM MULTI-FRECISTON FOWERS

2@ FRINT CHREL47) L, OHRE LS4 "MULT L e

FETON FOWERS" CHER$ L)

EOOFRINT "THIS FROGRAM FRINTS OQUT FOWERS
CF AN

4@ FRINT "INTEGER ACCURATE TO 4@ DIGITS.

OOHRE LT

HOOFRINT "ENTER NMUMEBER WHOSE FOWERS MRE

REGUTRED. "

HO  ITNFUT "NUMEER "3 Ns FRINT

7O OTF ONGE OR N»9Q@Q@eRe OF N« X»INT N TH

EN FRINT "ERROR ~ TRY AGAIN":GOTO &@
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B T= QAN X=9 1 YaX+2e DIM MOX) NOX) oL (Y
RN .N(w)mNuM(M)*N

EBOREM CHANGE X FOR OTHER DEGREES OF PRE
CIHTON

YU FOR T=@0 T 2

LAG TF ML) BT O THEN G INT M) ZTY s ML) M
CIY T s M LAy mM L L) ()

PL@ NCIDY =ML

1A NEXT

LA FRINT CHRE CLA7) "MULTE-FRECTSTON FOW
l“l\'ii UP-“"N ClAlcE CL7)

TO Yul, €1y =@ NEXT

TO 2eFOR T=@ TO X

1L 7@ l(Jid)ML(l*J)4N(L)*M(J)

180 NEXT: NEXT

19@ FOR =@ 10 XeNCIy=lL (L) s NEXT

AAG FOR 1= TC X

AL TFONCDY BT THEN G=INTNCE) Z7T) s NCL) =N
(I)""-U*I"N(i+l)ﬁ=~-l\l( Lad) 0

Al NEXT

AA@ FOR I=@ T0O X

249 H N(l) f@ THEN L]

Suw NE
L6@ FRINT CHRE CLE4) o Ny " koy CHIRE (1L5E8)
A7@ FOR I=. TO @ STEF -~

LEEO AEsMIDE GTREWNCD ) D

290 TF Il AND LEN(A%) < 24 THEN Af="@" +0g
s EHOTO 290

SO FRINT Afs o NEXTsFRINT

AL TFE O ON X)) # TN X1 ) %N T T THEN 360

@ TF O INT/1@) sk /1@ THEN 14@

@ FRINT:FRINT CHR$ (1%4) " PRESS Y TO C
ONT TNUE " 3

A GET Gadr IF GEC>"Y" THEN 240

SH@ GOTA 1A

HOQD FRINTs PRINT CHR#E LS4 ANOTHER GOP Y
OF N x

S7T@GET GFr IF GECETY" AND GE TN THEN B
70

280 IF GE="Y" THEN RUN

SRE FRINT CHREECLAT) "RYE FOR NCOW" 1 END

READY .
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CHAPTER 11
Matrices

Matrices are rectangular arrays of numbers, the position and value of
each number being important. A matrix is usually, but not always,
shown in brackets thus:

2 -3 6
-4 4 5

The size of a matrix is given by the number of rows and columns. We
say that a matrix is an M by N matrix if it has M rows and N columns.
Thus the example above is a 2 by 3 matrix. Here are some examples of
matrices

8 12 0
1 1 8 A 3 by 3 matrix
8 12 1
9 12
0 1 A 3 by 2 matrix
8 =2
9 12 .
L3 2] A 2 by 2 matrix

If the number of rows in a matrix equals the number of columns in the
matrix then we say that it is a square matrix.

Matrices are a useful concept for holding information in a concise
way. For instance, suppose that you have calculated the amount spent in
your household on three types of fuel each quarter during a year. You
could display the information in a tables as follows:

Quarter |  Gas Electric Solid fuel
1 30 28 5
2 27 19 4
3 25 15 0
4 32 27 3
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The data can be stored in a 4 by 3 matrix.

30 28 5
27 19 4
25 15 0
32 27 3

You can store matrices in your Commodore 64 by using two- dimen-
sional arrays such as A(1,J). For instance, the matrix of fuel expenditure
could be stored by making the following assignments.

A1) = 30 A(1,2) = 28 A(1,3) = 5
AR, = 27 AQR)2) = 19 AQ2,3) = 4
AG,1) = 25 A(3,2) = 15 A(3,3) =0
A1) = 32 A@4,2) = 27 A@4,3) =3

The information would, of course, be entered in by using READ
statements.

FOR I=1TO 4:FOR J=1 TO 3:READ A(1,J):NEXT:NEXT
DATA 30,28,5,27,19,4,25,15,0,32,27,3

The following short program illustrates the data being read in and then
displayed.

10 PRINT CHR$(147)

20 FOR I=1TO4:FOR J=1TO 3:READ A(1,J):NEXT:NEXT
30 FORI=1TO 4

40 FOR J=1TO 3:PRINT A(1,J);:NEXT

50 PRINT

60 NEXT

100 DATA 30,28,5,27,19,4,25,15,0,32,27,3

Note that to use the memory space of the Commodore 64 more effi-
ciently we should have started the I and J counters at 0 instead of 1 since
arrays begin at 0. However, conceptually the above is easier.

Also note that if the number of rows or columns in a matrix exceeds 10
then a DIM statement is required by the Commodore 64.

Adding matrices

Two matrices may be added together provided that they are of the same
size. In other words two matrices may be added together provided that
they both have the same number of rows and the same number of
columns. This addition is performed term-by-term of the corresponding
terms in the corresponding positions. For example

15 4+ 2 0 5
-2 3 1 3 2 1
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Why add matrices?

An example of the expenditure on fuel for the four quarters of a year was
given earlier on. Suppose that during the next year the corresponding
matrix is as follows:

34 27 4

30 20 3
20 16 1
35 29 5

By adding the two matrices together we can obtain the amount spent on
the three fuels during a particular quarter in the two years. The result is
the following matrix:

64 55 9
57 39 7
45 31 1
67 56 8

Your Commodore 64 can add matrices, or two-dimensional arrays
quite easily. Suppose that we have two arrays A(I,J) and B(I,J) where in
each case I ranges from 1 to 4 and J ranges from 1 to 3. Addition of these
two arrays will produce a third array C(1,J) in the following way:

FORI=1TO 4FORJ=1TO 3
C(1,J) = A(LLY) + B(L,))
NEXT:NEXT

Subtraction of matrices uses the same rules as additions of matrices.

Matrix multiplication

Matrix multiplication is a quite subtle concept. In order that two
matrices may be multiplied it is required that the number of columns in
the first matrix is equal to the number of rows in the second matrix. Thus
a 4 by 3 matrix can be multiplied with a 3 by 2 matrix. But a 4 by 3 matrix
cannot be multiplied with a 2 by 3 matrix.

The product of an M by N matrix with an N by P matrix will be an M
by P matric. The actual process is best illustrated with an example, the
explanation being given afterwards. Suppose we want to multiply the
following matrices:
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2 -3 6 First matrix, a 2 by 3 matrix
-4 4 5
L
9 12 Second matrix, a 3 by 2 matrix
0 1
8 -2

The number of columns in the first matrix equals the number of rows in
the second and so we may multiply the first by the second.

F 2 -3 6] . (9 12
L~4 4 5 0 1
8 -2

—4%9 4 4%0 + 5*8  —4*12 + 4%] + 4% -2

66 9
4 =52

To perform the multiplication first look at each row of the first matrix
and each column of the second matrix. The number of elements in each
of these is the same. For each of these rows and columns we multiply the
first of each of these together, then the second, and so on then finally
add these products together. This produces a number for the product
matrix.

On your Commodore 64 you can form the product of the M by N
matrix A(I,J) with the N by P matrix B(I,J) in the following way. The
result is an M by P matrix C(1,J).

FORI=1TOM

[2*9 + —3*0 + 6*8 2*%12 + —3*1 +6*—2]

Il

FOR J=1TO P
ca,J) =0

FORK=1TON: C(,J) = C(LJ) + A(LLK)*B(K,J) : NEXT
NEXT

NEXT

Note that if A and B are two matrices and if you can form the product
A*B then you may not be able to form the product B*A. Even if the
product B*A exists it is not necessarily equal to A*B. Find some simple
examples!

Why multiply matrices?

Lets’s look at our household fuel costs example once again. Recall the
original details.
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Quarter Gas Electric Solid fuel
1 30 28 5
2 27 19 4
3 25 15 0
4 32 27 3

Suppose that there have been two estimates of the likely increases in

the costs of these fuels.

Estimate 1  Estimate 2
Gas 10% 5%
Electric 5% 10%
Solid fuel 10% 10%

These increases are given as decimals in the next table.

Estimate 1  Estimate 2
Gas 0.1 0.05
Electric 0.05 0.1
Solid fuel 0.1 0.1

How much extra would you have to pay for the three fuels during each
quarter? The answer depends on which estimate you use. The result may
be tabulated as shown in the next table.

Quarter Estimate 1 Estimate 2
1 30*%.1 + 28*.05 + 5*.1 30*.05 + 28*.1 + 5*.1
2 27*%.1 + 19*.05 + 4*.1 27*%.05 + 19*.1 + 4*.1
3 25*%.1 + 15*.05 + 0*.1 25*%.05 + 15*.1 + 0*.1
4 32*.1 + 27*.05 + 3*.1 32*.05 + 27*.1 + 3*.1

This evaluates to give the following table.

Quarter Estimate 1  Estimate 2
1 4.9 4.8
2 4.05 3.65
3 3.24 2.75
4 4.85 4.6

You have probably seen that the resulting matrix is the product of the
matrix of expenditure with the matrix of estimates. In other words it is
the following product of matrices.
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30 28 S 0.1 0.05
27 19 4 * 0.05 0.1
25 15 0 0.1 0.1
32 27 3

Zeros and ones

Matrices that consist of zeros alone are called zero matrices. Adding a
zero matrix to another matrix has no effect. Multiplying a matrix by a
zero matrix produces a zero matrix. For instance:

30 28 0 0
27 19| * 0 0

25 15
30*0 + 28*0 30*%0 + 28*0
= | 27%0 + 19*0 27*0 + 19*0
25*%0 + 15*0 25*%0 + 15*0
0 0
=10 0
0 0

The product of two non-zero matrices can be zero. An example is

given below.
1 1 1 -1
1 1 -1 1

o I*FL + 1* -1 I*—1 + 1*1
BN G0 U L I*—1 + 1*1

g

A square matrix that has ones down the diagonal (top left to bottom
right) and zeros elsewhere is called an identity matrix. For example, both
of the following are identity matrices.

1 0 0 1 0
0 1 0 0 1

0 0 1

A matrix multiplied by an identity matrix equals itself. In other words
the identity matrix behaves much like a 1 does in ordinary number multi-
plication. For example:
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30 28 1 0
27 19 *10 1
25 15
30*1 + 28%0 30*%0 + 28*1
= | 27*1 + 19%0 27*%0 + 19*1
25*%1 + 15%0 25*%0 + 15*1
L
30 28
= |27 19
25 15

Inverses of matrices

The inverse or reciprocal of a matrix, if it exists, has the same property as
that of the inverse of an ordinary number. The inverse of the number 4 is
0.25 and

4*0.25 =1, 0.25%4 =1

For a matrix A the inverse (if it exists) is denoted by A~' and

A*Al =1, A T*A =1

where I denotes an identity matrix.

Only square matrices can have inverses. In fact only certain square
matrices have inverses.

Several methods exist for finding an inverse of a square matrix. There
is a general step-by-step method well suited for your Commodore 64. It
consists of performing so-called row operations. Roughly speaking we
place an identity matrix next to the matrix whose inverse we want. The
row operations are performed on both matrices simultaneously until the
original is converted to an identity matrix. The matrix that was the
identity is now the inverse matrix.

A program that finds inverses of matrices is given later on. Meanwhile
the method is briefly described.

Suppose we want to find the inverse of the following matrix.

-
2 1
-2 4
Place the identity 2 by 2 matrix next to this matrix.

2 1T 1 0
-2 4; 0 1

We want the top left entry to be a 1 and so we divide the whole first row
by 2.
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1 05 05 0
_2 4 0 1

Next, we want the bottom left entry to be 0 and so we add twice the first
row to the second row.

1 0.5] 0.5 0
0 5 1 1
L _ B
Now we want the bottom right entry (of the left matrix) to be 1. This is

achieved by dividing the second row by S.

1 0.5 0.5 0
0 1 02 0.2

To make the left matrix the identity we subtract half of the second row
frorrl.the first. B

1 0 0.4 -0.1
0 1 0.2 0.2

The matrix on the right is the inverse of the matrix we started with. The
following calculation verifies this fact.

2 04 —0.1
-2 4 * 102 0.2

o l2xa 4152 21+ 1%2
I L T B S S RN

The next program finds inverses of square matrices, that is, if an
inverse exists.

L& REM INVERGES OF MOTRICERS
W@ FRINT CHRE CL47) L CHRE CLE4) " INVERSBES O

TTHIS PROGRAM DETERMINES THE TN
AN NCEY N MATRIX. " CHRE (1L 7)

4@ FRINT "ENTER THE S1ZE OF THE SOUAKE M
ATRIX " CHRE L)

WA OINFUT "WALUE OF N " pNyFRINT

GW IF NCL OR NG EINT (N THEN FRINT "NONGE
NEE ! TRY AGAIN. "sGOTO %0

7@ FRINT "ENTER THE MATRIX TERM BY TERM,
"OCHRE (L)

SO DIM A NN BN, ND

PUOREM READ IN MATRT X
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100 FOR L=10 TO N

PI@ FRINT CHRE CLED) 5 FROIW 0 Ty G CLE4D
LE@ FOR J=1 TON

ARG FRINT "COLUMNT o Js s TNFUT Al .d)

140 NEXT: FRINT s NEXT

LE@ REM CALCULAT ITNG

16D FRINT CRRE CLA7) " THE MATRIX: " CHEE Ol

7)

7@ FOR Fed TO MeFOR JsL TO NeFRINT a1y,

Y e NEXT s FIRENT s NEXT

180 PRINTSPRINT "CALCULATING "

1@ FOR Tw=d TO NeB b 1) =0 e NEX

A0 X=@r GOSUR 200

210 REM ENDING

DA FREINT s FRINT CHEGE CLEA)  TANOTHER GO Y
(R N

AEGOGET G TFOGECHTYYOAND Gl 2N THEN
s}

DA TF O GEsUY O THEN RUN

WEG PRINT CHRE CL47) "REYE FORC NOW" @ END
A0 REM CALCULATING

blw XXk Lo ZomXon PRINT "%y

AE@OTF M2 X m@ THEN Zs=Zads TF Z4s=N THEN

ahe 2N THEN FRINT: FRINT FRINT NG TN
VERE P RESTLIRN
SAG O TF X THEN Fes) /0 (2 X n Ten ko 20y G
S0
EE@TF ACX Xyl THEN Resd /4 (X, X0y TeX o (GO
()5 i
F6@ FOR =1 TO N
E7@OTF TaX THMEN Teslels XF T =N THEN
GO OTF AT X 2@ THEN Fes-fy O, X0 ks
BOHA0
EO@ NEXT
ABAD TF XN THEN 510
A@ FRINT s FRINT M\ ENT O THE TNVERSE " Gk
FCL7)
2@ FOR T=01 T NaFOR J=1 0 T0 NePFRINT RO
J You e NMEXT 2 FRINMT 8 NEXT

EQORETURN
h:(/m l‘"\E'"!‘I FOW OFERATION ADD ROTIMES ROW K
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SR ACT ) =a Ol I RS (ko Jo s B O d )R COL I
AfR (ko J)

; NEXT

SHAQ RETLRN

HEQ REM ROW OFEFRATTONM MULTIFLY ROW L RY
f

6O FOR Js=1 TO N

S7A AL I e L, J) s B OL L) RO LT

S0 NEXT

BOW RETLRN

FEMADY .

Simultaneous equations

Matrices are useful in solving simultaneous equations. An example of 2
simultaneous equations in 2 unknowns is given below.

3*X + 1*Y = 7
5*X + 2*Y =9
This is written in matrix form as follows.

3 1 X 7

5 2 Y 9

One way to solve the problem is to find the inverse of the 2 by 2 matrix
on the left and then multiply the above equation by this inverse. In the
example the inverse is given by the following matrix.

2 -1
-5 3

We therefore obtain the following equations.

X
Y
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2*¥7—1*9
—5*7+3*9

[

Thus X = Sand Y = — 8 solves the simultaneous equations.

The next program Simultaneous Equations essentially goes through
this process to solve a set of N simultaneous equations in N unknowns. In
fact the process is to write the set of simultaneous equations into two
matrices A(I,J) and B(I). The example given earlier on would be written

as follows.
3 1 7
5 2 9
Row operations are then performed until the matrix on the left becomes

the identity matrix. When this is achieved the matrix on the right
becomes the solution to the set of simultaneous equations.

L@ REM STMULTANEOUS EGUATIONS

WBOFRINT CHRE CLAT7) W CHRE CLE4) S TMULTANED

WS EQUATIONG" CHR&L7)

2QOFRINT "THIS FROGRAM SOLVES A SET OF N
& IMUL T -

40 FPRINT "ANEOUS EQUATIONS TN N UNENOWNE
OCHRE L)

HBOPRINT "ENTER THE NUMBER OF EGUATITONS.
"OGHRE (L)

GO INFUT "VALUE OF N "sN2FRINT

700 IF NGl OR N EINTOND) S THEN FRINT "NONSE

NGE ! D TRY AGATN. "1 EOTOH 6@

GO FRINT "ENTER THE COEFFICIENTS TERM RBY
TERM. " CHR# (179

90 DIM ANLGN) LB N

190 REM READ IN MATRIX OF COEFFICIENTS
e FOR I=1 T N

120 FRINT CHRE#E (159 2" ROW" s Ts CHRE CLE4)
PR FOR J=1 70 N

LA FRINT "COLUMNY s Js s INFUT A0

1E@ NEXT

Lé® TNFUT "RIGHT HAND TERM" 3B (D) s FRINT
7@ ONEXT

18 REM CALCULATING

190 FRINT CHR$ (147) "THE MATRIX OF COEFEF
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TOTENTS s " CHRE L7
SO FOR Tl 1O Mo FOR Jm=) o TO NeFRINT @l
JY R e NEXT s FRINT BOD) s NEXT
el @ FRINT s FRINT "CALGCULATEING "
280 X=@u GOSLE 200
@ REM ENDING
A4 FPRINT 2 FRINT s FRINT  CHRE CLE4) " ANQTHER
HOT Y QRN
SEE GET GFr TROGEC YN AND G TN THEN 2
]
Bh@TF GEsYY THEN RUN
270 WRINT GHRECLA7) "BYE FOR NOW'" 2 END
o GOULL AT ING
X'1'7mX“thN| "oty
AT XY =@ THEN ZsZ-vle TF ZamN THEN

HEQOLF O Z N THEN FRINMT s FRINT S FRINT NGO S0
LASTTON U RETLIRM

SAQTF 20 EX THEN el /760 CZ 0 X w DXy ko2 (O
B OS00

""i\"')(?) ‘[ Foom X Xl THEN Foscd /70 CX 0 XD 8 T (S

%aw th Tad TO M

ST@NF S TaX THEN T=l+le IR LN THEN 299
HE@LF AL, X E THEN Fesme@ Oy X0 8 b s GLISL
BOSae

AQ@ NEXT

408 TF O XaN THEN 31

A1@ FRINTSFRINTSFRINT UTHE SOLUTTON " O
Fog 17D

ARG FOR T=1 T0O N

AT@ TR S L) AL EN CETRE (B L) ) 2358 THEN PR
TN

440 FRINT BOE)

AW NEXT

AL FRINT S RETURN

SO0 REM ROW OFERATION ADD ROTIMES ROW
T ROW 1

S1@ FOR Js=10 TOON

A AL Ty L, J) RS (R T

amw NEXI

R s CF ) R T LIRIN
ATTON MULTIFLY ROW T kY

WWM th hUN W
Fr
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SHEW FOR Il 10 N

7@ AL ) s L, d
LE0 NEXT

Q@ R CL ) wbeR b CF ) ow RETURRN

BB AT Y W
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CHAPTER 12
Codes

There is a growing need for secure transmission of data. This has resulted
in much research into cryptography — the art of writing in code or
cipher. There are two steps involved in cryptography, first encoding the
message or data and then decoding the coded message back to the
original.

Substitution codes
The simplest ciphers are the substitution ones in which each letter is
substituted for something else, usually a letter from the same alphabet.
Here is one such example:

encoding— encoding—>
<«decoding <decoding
A — A B — F
C — K D—P
E — U F — Z
G — E H—J
I — O J — T
K —Y L —D
M—1 N — N
O — S P — X
Q —C R — H
S — M T — R
Uu—w V — B
W — G X — L
Y —Q Z — V

The message MESSAGE would be translated into [IUMMAEU.

In this cipher, the substitution for each letter was not chosen at
random. If the letters of the alphabet are number 0 to 25 then the substi-
tute for letter numbered NUM is calculated as follows

NUM*S — 26*INT(NUM*5/26)

The reverse process is achieved by the formula
NUM*21 — 26*INT(NUM*21/26)
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The cipher may be listed with the following short program.

10 REM SIMPLE CIPHER

20 PRINT CHR$(147),“CODING’’ CHR$(17)
30 FOR I=0TO 25

40 J=1*5—26*INT(I*5/26)

50 PRINT CHR$(65+1) “—*> CHR$(65 + J),
60 NEXT

70 PRINT:PRINT:PRINT,“DECODING’’ CHR$(17)
80 FOR I=0TO 25

100 J=1*21—26*INT(I*21/26)

110 PRINT CHRS$(65+1I) <“—** CHR$(65 +J),
120 NEXT

Essentially to encode a letter we multiply the number of the letter by 5
and ignore multiples of 26. To decode a letter we need to divide by 5,
ignoring multiples of 26. This is the same as multiplying by 21 and
ignoring multiples of 26 because

5*21 = 105
=1+ 4*26

In other words if we ignore multiples of 26 then 21 is the reciprocal of 5.
Indeed we say that 21 is the inverse of 5 modulo 26.

One obvious defect of this code is that a message such as PLEASE
COME QUICKLY would be encoded as XDUAMU KSIU CWIKYDQ.
Spaces are left as spaces. To overcome this objection we should include
spaces, full stops, commas, digits and perhaps question marks in our list
of letters for substitution.

Since we have a computer at our disposal we should use the ASCII
characters. The 59 ASCII characters from 31 to 90 are convenient. These
include all the letters that we require and in addition 59 is a prime
number which will be useful for our purpose. CHR$(31) is a colour code
and will not in fact be used.

Encoding will be done essentially by multiplying by 5. More precisely
the single character A$ is encoded to C$ as follows.

N = 5* (ASC(A%)-31)
C$ + CHRS$(31 + N — S9*INT(N/59))

Decoding is achieved by multiplying by 12 (the product of 5 and 12 is 60
which is 1 ignoring multiples of 59). To decode the single character C$ we
proceed as follows.

M = 12 * (ASC(CS$) - 31)

A$ = CHRS$(31 + M — 59*INT(M/59))
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Here is a short program, based on the above cipher, which will encode
a message or decode one. There is one added feature, you have to enter
one of the numbers 2 to 58 for encoding and decoding. The same number
must be used for decoding as for encoding. To encode we essentially
multiply by the chosen number, say N. To decode we multiply by the
reciprocal of N modulo 59, that is by a number M for which N*M is 1
ignoring multiples of 59.

T REM SURSTETUT TON CODE

B@OFPRINT CHRE CL47) , Ok CLES4)  "SURST LT

ON CODE" CHRE 17D

S@OFRINT "THIS FROGRAM WILL ENCODE AND D

ECQODE. . "

4@ FFREINT "ENTER CODE NUMEBER"  CHRE (L7

@ OINFUT "NUMEBER @ e My e PRINT

GO OTF COxINT O QR G QR CHEE THEN FRIN

T OUTRY AGATN. e GOTE ¢

W OFRINT DO YOU WANT T BENCODE (B OR D

ECODE (O A MESSAGED" OkR$E L7

8O INFUT "E QR D Ma A PRINT

Q@ TE O AFS FUEY AND A DY THEN FRINT "W

FOMP e GOTO 80

1(2){2) DR W cn B U DE w TF A R THEN Dy £
MENT R GOTO RO

l 1 VJ ComCr D DDy TF G99 TNT CO /89 ) < e THE

N o11@

La@ REM DTS MULTIFLE REGUIRED FORENCOD

ITNG/DECOD ING

LA FRINT "TYFE YOUR MESSOGE -~ UF TO Q@05
o H(‘\I\{\( TERSLONG. " CHEE L)

(™ ll(\l\fﬁl
178 Cimdag
17 O R
G s Lol
190 TF G=2@0 AND L@ THEN FRINT Gy gLl
# Mg EFTE (ML LD

200 SO L AND L REE CTHEN 1SR

S1@ FRINT oM

@ REM ENCODING/DECODING MESSAUGE

SEQOFOR I T L

240 Na=ASC MIDE ME, L, 1)) 31 NsD*N

AND GO THEN MM gy FRINT
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260 NEXT

7@ FRINT 2 FRINT "THE " BE "CODED MESSOGE
T8e" CHRECL7) s FRINT NE

280 FRINT:PRINT CHRE CLEA) , "ANCOTHER GOD Y
QR N

290 GET GF: IF GFCXUY" AND G "N THEN 2

YR

SA@TF GE="Y"OTHEN RUN

S1@ PRINT CHRE (147)  "RYE FOR NOW" 2 BEND

FREADY W

Despite all our efforts the code is easy (for experts) to break or
decrypt. The problem with a substitution code is that each character is
invariably represented by some other fixed character. Certain English
letters and pairs of letters occur much more frequently than others. For
instance in normal English text, the letter E occurs about 13% of the
time, the letter T occurs about 9%, the letter P about 2% and Q about
0.2%. Armed with such information it is possible to decrypt a
substitution code. The number of different substitution codes possible
using the 59 characters (ASCII codes 31 to 90) is about 1.4 * 10%.
Nevertheless substitution codes can be decrypted. This illustrates how
deceptive the appearance of large numbers of choices can be.

The next section introduces codes which do not always use the same
character for a given character.

Matrix codes

We can use matrices to cipher messages. We illustrate the method with an
example. Suppose that we want to encode the message PLEASE COME
QUICKLY. First we rearrange the message into two rows as below:

PES OEQI KY
LAECM UCL.
Next, create a two row matrix from these rows by converting the letters

into their ASCII codes less 31.

49 38 52 1 48 38 50 42 44 58
45 34 38 36 46 1 54 36 45 15
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Now premultiply the matrix with the following matrix.
2 -1
-5 3

The result is:

2 -1, 49 38 52 1483850424458—’
-5 3 45 34 38 36 46 1 54 36 45 15

_ 53 42 66 —34 50 75 46 48 43 101
~ | —110 —88 —146 103 —102 —187 —88 —102 —85 —245

Now convert the numbers in the matrix so that they are between 0 and
58. This is achieved by adding or subtracting multiples of 59 to the
numbers in the following way:

N = N — 59*INT(N/59)

The resulting matrix is shown below.

53 42 7 25 50 16 46 48 43 42
8 30 31 44 16 49 30 16 33 50

Finally we add 31 to these numbers and look up the corresponding
characters by asking for PRINT CHR$(X). The result is shown below.

TI1 &8 Q/ MO J I
' =>K / P =/ @ Q

The final coded message is

T’I=&> 8KQ//PM =0/]J@1Q

Notice that the letter E appears three times in the original message.
These three Es have been encoded to I, > and /. Thus this cipher is more
subtle than the straight substitution code.

A code is no good unless we can decipher messages. The trick now is to
reverse the process. At first sight this may look difficult, but we use some
mathematics to help us.

Let’s decipher the following message.

I=M?"S?$:8M@>’'<M

First we write the coded message in two rows.

I M”72 ¢ M > <
=7 S $ 8 @’ M
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Next, calculate the ASCII codes less 31 to produce a matrix.

42 46 3 32 27 46 31 29
30 32 525 25 33 8 46

-

Now premultiply by the following matrix.

3 1
5 2

Notice that this matrix is not the same as the one used for encod-
ing. However, notice that the decoding matrix is the inverse of the
encoding matrix as the following calculation shows.

31 L, 2 -1
52 -5 3

3* 2 + 1*-S5  3*-1 4+ 1*3
| 5*2 4+ 2*-5  5*—1+ 23

Let’s multiply our decoding matrix by the coded message matrix.

3 1 42 46 3 32 27 46 31 29

LS 2 30 32 52 5 25 33 8 46

_ —156 170 61 101 106 171 101 133
270 294 119 170 185 296 171 237

Next, add (or subtract) multiples of 59 to make the numbers
between 0 and 58.

38 52 2 42 47 53 42 15
34 58 1 52 8 1 53 1

Now add 31 to these numbers and look up the corresponding
characters.

E S !

I N T I
AY S

T
We thus end up with the message EASY! ISN’T IT.

The next program uses such matrices to code and/or decode
messages.
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L@ REM MATRIX CLFMER

Al FRINT CHRE CLA7) L CHRE (154 MATRTX
CITFHER" CHRE CL7)

MRINT "THIS FROGRAM WILL ENCODE AND D

dei s FORS Tl TO G2 FOR J=0 T S READ M
Lud )y e NEXT o NEXT

S@CFRINT "DO YOU WANT TO ENCODE (E) OFR D
ECODE (D) A MESHBAGED" CkRE (17)

GUTNFUT "E OR D e fd s FRINT

@ LFE A EYEY AND A% DY THEN FRINT U WH
TOH? e GOTO 6@

(3@ b= EINY

GO OTF AF=TDY O THEN BEe=UDEY S FOR Ts1 TO SaF
OF J=00 TO Sy READ H(InJ)"NFXTnNEXT

1 [?]l?] l"' F ‘[ N"l" ""I"Yf' S AGEE - LIEC T RS

i : THEN 120
Y| h """ ﬁ“? o

R I C ]
Cin o Lol e ]
15@ 1 vl QND o @ THEN FRINT G lel-1
o Mg BT (Mg,

217 B S T AND b NS THEN 120

170 FRINT " " M= INT (L/7S+Q, 9 s DIM KRS, M) .,
s, M)

180 REM ENCODING/ZDECODING MESSOGE

190 FORK T TU Ga QR J=1 TG M

o 414 I L TN R

B 7 B W S TN T O IHkN N0 CMIDE (M3 ko L)) =35
BCL ) sN-S9% TNT (NS )

AR @ NEXTs NEXT

FOR T2 T e IF BT, MY L THEN BOLM

AND G QL THEN MGy FRINT

L@ FOR Ts10 TO SaFOR J=1 T0 M

ab@ FOR kel TO S COla ) =000, I 001 ) %E(

Boadd ) s NEEXT

E7@ COl Y=, J) -SB9% INT (0 (L. J) 759)

2E@ NEXT Y MEXT

2@ FRINTsFRINT "THE " BRE "CODED MESSAGE
T@e " CHRE L)
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BOQ0 FOR J=1 TD M:FOR I=1 TO &

310 FRINT CHRE CELHC 0T )

BP0 NEXT:NEXT:FRINT

BIQ OPRINT s FRINT CHRE (154) , "ANOTHER GO Y
OR N"

TAQ GET GF: IF GFC YT AND Gk sUNY THEN 3
40

AEQ OTF GEmUY THEN RUN

B60 PRINT CHREL47) "BYE FOR NOW"§END
400 DATA 2, =1 ,=5, 5

410 DATA B, 1.5,%

READY .

For this cipher we used a two by two matrix to encode and the
inverse of that matrix to decode. In general we can use any matrix
and its inverse as long as both matrices have only integers as their
entries. Here is another matrix that you could use for encoding.

K 1
| -}

The corresponding decoding matrix is given next.

2
1 0

This method of coding could be made more subtle by using 3 by 3
matrices. The message would need to be written out in three rows
and the procedure outlined earlier on followed. Here are two
matrices that could be used as encoders and decoders.

1 0 -1 1 2 -1
2 1 3 -2 -9 5
4 2 5 0 2 -1

The next program uses these matrices to code and/or decode
messages. You could insert your own matrices if you wish, but
make sure that they are inverse to each other and that all entries are
integral.

10 REM MATRIX 3 CIFHER
20 FRINT CHR% (1 47) ,CHRE (1854 MATRLX
CIPHER" CHR%(17)
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SECFRINT UTHES PROGRAOM WL ENCODE ANMD D
Ok
49 ¢ 4 Tawd TOV SubFOR Jel 10 S READ M
P MEEXT o NEZX T

S@OFRINT "DO YO WANT T0 ENCODE (B OR D
ECAODE (D) A MESSAGE™" CHRE CLY)

&H@ TN "F OR- DMy T‘" FRCENT

Z@ TR e VR OAND A% D OTHEN FRINT Y WH
ICH?““hH!U &W

B0 Eg RN

WETE gD THEN B DE O FOR Tl TO S P
I T S READ MOl ,‘J y o NEXT 8 NEZXT

LA FRINT "TYRE YOUR MESSAGE - Wk T 28
CoHARAE i1... GHRE LT

Gispes "0 THEN 1R@
AMD G THEN M#MEeid s FRINT

SAND LE THEN FRINT G s el
£V L)

THEN 120
G, ) s DIM O BS M,

e
DN RN

17@ H\H\ll "
s, M

LE@ REM ENMCODING/DECODTNG  MESESNGE
L@ FOR Tsd T0O S FOR J=1 TO M

i1 R
21 TF il THEN M@ ESC (MEDE (M k0, 1) )51
Ly ) N ®INT CN/ESD)

S0 NEXT s NEXT

@ FOR T=2 T S0 IF BT, ML THEN RO, M

1
AR NEXT
SN@ FOR T=1 T0O &
S6E FOR ke &
Bowd) s NEXT
A7 LTy =m0 O ) B INT (GO, J) 759)
SEE O NEXT  NEXT
A9 FRINT2FRINT "THE " B "CODED MESSOGE
T&e ™ CHRSE L7
SAG FOR =L TO M FOR Tl T B
HLQOFRINT CHRE CEL+0C 00,0 )
2O NEXTsNEXT 2 FRINT
SOFRINT e FRINT CHRE CLEA) |, "ONOTHER GO Y
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OF N
SAG GET Gr TR GEC Y AND G N THEN B

TR Gty THEN RUN

FRINT CHR&L47) "BYE FOR NOW" 3 END
400 DATE 1.@. L2 LB 4,805
410 DATH L2, -, =@ ~9.89, 00,1

FEMADY .

Public-key codes

The codes described in the previous section have a defect. Once you
know how to encode a message you also know how to decode it.
Public-key cryptosystems are different. They come in two parts:
the encoding key, which is made public, enabling anyone to encode
messages; and the decoding key, which is kept secret, enabling only
the originator of the code to decode messages.

We now describe a public-key system. First find two very large
prime numbers P and Q, each should have about 50 decimal digits
making this proposition impractical for your Commodore 64. Let
N be the product of P and Q. Now choose an integer A which is less
than N and has no factor common with (P—1)*(Q—1). You may
now publicly announce the numbers N and A.

How is a message encoded with the numbers N and A? This is
performed as follows.

1. Translate the message into numbers (space = 01, A = 34, etc.);
the message is then one large number.
2. Take the message in number form and break it up into blocks of

a convenient size.

3. Encode each block B as follows:

C = BfA - N*INT((BIA)/N)

the number B is raised to the power A and multiples of N are
removed to make the resulting number between 0 and N.

How is the resulting message decoded? Since the greatest
common divisor of A and (P-1)*(Q-1) is 1 we can find two
numbers X and Y so that A*X + (P-1D*(Q-1)*Y = 1. Using X
we can decode the message as follows.

1. Break the coded message into blocks.
2. For each block C perform the following calculation:

CTX — N*INT((C1X)/N).
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3. Join the resulting blocks back again and decode numbers back
to characters.
The process works because

(BIA)IX = BI(A*X)

BI(1- (P - D*Q~1)*Y)
B + multiples of N.

I

Il

The last statement follows from a theorem proved by the mathema-
tician Fermat.

Why is the code difficult to break? Notice that to decode the
message we need to know the value of X. This can be calculated
from the value of (P—1)*(Q-1). In order to know (P-1)*(Q-1)
we need to know P and Q. Publicly only A and N have been
announced. In theory, once we know N we can factorise it to find P
and Q. However N is about 100 decimal digits long and factori-
sation of such numbers takes an enormous amount of computer
time to perform (several millions of years). It is on this basis that
the cipher is safe.

All that remains for you to produce a very secure code is to write
a program for your Commodore 64 which is capable of handling
very long numbers precisely. See the chapter entitled Odds and
Ends.
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CHAPTER 13
Random!

Heads and tails

When a coin is tossed it is equally likely that the ‘head’ or ‘tail’ shows, at
least if the coin is a fair coin. Your Commodore 64 can simulate the
tossing of a coin by using the inbuilt RND function.

For any positive number X, RND(X) returns a (pseudo) random
number in the range from 0 up to 1 (but not including 1). If you switch
on your Commodore 64 and type the following:

FOR I=1 TO 5:PRINT RND(1):NEXT I

you will get the following sequence of numbers:

.185564016
.0468986348
.827743801
.554749226
.897233831

If you switch your 64 off and then on again (not recommended) and
repeat the instruction

FOR I=1 TO 5:PRINT RND(1):NEXT 1

you will get the same sequence of numbers. To overcome this it is usual
to start any program involving random numbers with a line like

Y = RND(-TI)

which has the effect of starting a new sequence of random numbers. In
general, if X is negative then RND(X) starts a new sequence of random
numbers. If X is 0 then the resulting number is the same as the last one.

The following short program simulates the tossing of a fair coin. A list
is printed out showing whether a head (H) or tail (T) appears. 100 such
letters are printed and a count of the number of heads and tails is
displayed.

MOOREM HESDS AND O TATLS
@@ FRINT CHEE CL47) "HEADS AND TALLS" CMK
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F:CLT7)
A OFEFONT CTHIS FROGRAM STMULATES THE TOH
GSING OF A FATR LRD T IMES, " CHRE L7
Al FRINT " ¢
SEOGET GEs TR GECD

' T

TR bkl J=@e FRINT , CHRE CLAE)  CHRE (LT
FOUN NUMBER"  STRE ()" COOHRE (LT

BY FOR I=1 TO 100

GO AFsm R FORND (L) @ S THEN A7 J]
Al

1AW FPRINT A%

LD NEXT

LA FRONT s FRINT s FRINT  "NUMBER OF  HEADES™
1O@-Js " TALLE" 8 J

LAQ PRINTs FRINT CHEE CLEA)  "ANOTHER  GOY Y
(IR N

LA GET GEe IF GE20Y" aND GE N THERN
40

LE@ TF Gty THEN 6@

1EO FRINT CHRE (147)  “RYE FOR NOW" HEND

FEADY .

Change line 60 to the following line.
60 Y = RND(-1)

You should now notice that the same sequence of heads and tails appears

every time the program is run. That’s why we use

60 Y = RND(-TD)
to randomise the sequence of random numbers.

Of dice and men

If a fair six-sided die is thrown then one of the six numbers 1, 2, 3,4, 5and 6
will appear, none more likely than another. Once again, the Commodore
64 may be used to simulate dice throwing. The next program illustrates the
result of rolling a die one hundred and twenty times. A count of each

number thrown is printed at the end.

L@OREM DIE ROLL NG
WOOFRINT CHREE CLA47) 0" DIE ROLLING"  CHRE (
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L7

S@OFRINT "THIS FROGROM SIMULATES THE ROL
LING OF A FALR DIE 120 TIMES. " CHE(17)

49 FRINT " Y Q)

w@ o GET GEe R THEN %@

G YsRIND (- T 1)
7@ FambEala FOR T=l TO b (1) =@y NEXT

B8O FRINT, CHFGE CLAS)  OMRE CLHE) 0 RUN NUMBE

RUOSTRS () OCHRE L)

0 FOR T=1 T0 100

LG L= INT CRND CL) %é) + 1 s FRINT STRE (L) 210 (L
doEfy () 4]

1@ NEXT

L@ FRINTzFRINTSFOR L= TO s FRINT  NUME

ERCOF"sSTRE (D) 5" "8 wm" s A (1) s NEXT

LE@ FPRINTFRINT CHREE CL54) , "ANOTHER GO Y
OF MY

L@ GET GEr LR GF"Y" AND G a N THEN
40

LO@TF GEsryr TRHEN &)

Lo@W FRINT CHR#E 475 "RYE FOR NOW" s END

FREADY .

Another version of the program appears next. This one includes a
display of the face of the die. The design for the faces is contained in the
array D$(1,J).

L@ REM P LCTURE DLE

SO OFRINT CHREL47) L "DIE ROLLING WITH DI&
FlL.eyy '™ CHRE CL7)

A@ FRINT "THIS FROGRAM SIMULATES THE ROL
LING OF & FATR DIE. " CHRE L)

40 FOR IT=0 70 & FOR J=0 TO &1 READ Ao ]
2 CLD) +CHIRE CA) s NEX T s NEX T

Wl FOR sl TO & FOR J=0 TO &rREAD A D (]
o) s E A R NEXT s NEXT

6@ FRINT," FRESES Y'" k@

7@ OGET GEs IR GECx"Y" THEN 70

GO Rkl FRINT, CHRE CLAS)  COHRE (158 0 &
Clob NUMEBER" STR$ (k) OCHRE CLTY)

1@ L=TINT CRND CLY %&) -+ 1o 6 (L) =6 (L) -+

11@ FOR J=@ T 75 FRINT TABLE) DE.,J) 5N
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Ex T

L@ FRINT S FRINT 2 PRINE L] ]
e INT STRECD " 78 .

LA FRINT R l N non G Tuedh T Gon i

INT STRE CLD) gt i “'ﬁ(l)“nli gE)

LA4@ \LNi"Ithlnlthl"hthl tHhP\IJH) e
NET HE R Sy OR NY

1@ e LF G =y AND Gk s UNT O THEN L
s

LW TF Gy THEN 80

FECONT  CHRE CLA7) TEYE FOR NOW" 2 END
fREM 1)F\| (\ meif\ DEE TG

DATA 2 ! '

DAT
DAT A
DT
DOTA
DT
DMWY\'
b
[)ﬁ%q'(\
DTe ¢
DATH @4
DATE @5
DATE @
DATH @, %5,

Lt; ‘ud w&:;

e ALY

Rolling two dice simultaneously can be simulated just as easily. The
possible score on each roll is one of the numbers from 2to 12. As you are no
doubt aware, some scores are more likely to occur than others. This fact
should become apparent with either of the next two programs. If two dice
are rolled several times then the expected proportion of time (or
probability) that each score occurs is given in the next table.

Score Probability
2 1/36
3 2/36
4 3/36
S 4/36
6 5/36
7 6/36
8 5/36
9 4/36
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10 3/36
11 2/36
12 1/36

L@ REM TWO DICE

A@ FRINT CHEE LAy 0 TWE DTCE ROLL LR
CoHRcE (17
SRR ”lHl: FMJHHQM ulMULﬁth Tk RO
b TN O : 21 U 3

A FRINT v
B@OGET G LR
Gl YN G )
TN G CLAE ) CRReE () 56y 0

FELING LI OWTRE (k) OCHRE LT

B0 FCOR R W )

Y@ Lﬁmlhﬂ CRINDY CL ) %) b s M LINT CRINDD €LY %y ) ok ] w2
R MR TS S R R

1@ PHINT GOl CLE 4 n sy CRFCE (LS8 1 e My
L@ NEXT

La@ FRINT s FREINT "SOORE  COLRNT "

PE@ FOR 1= T0 1@
14 1h|Nl STFE TR 0" & m (Y g LF [
(IR )y AR I O 1 N B O

LS@ N

1L 6@ WIIMI FRCUNT 3 FRENT 8 FRINT CRRFGE L 5a) v
CONT I ¥ QR N

P76 GET Gy TF G ="y AND G s N THEN
70

L@ TR Gy THEN 6@

L@ FRINT  CHERE A7) "EYE FOR NOW! s END

u“Y” THEN %50

A

. TWE D TOE

ol [Hl*(Jﬂ/) " TWE DICE ROLLIN
oW III DTGFLAYY GHRE O

S@OOFRINT UTHIES FROGRAM STMULATES THE  ROL
LoENG QR FWE FATR DICE. " R 179

4@ FOR T=0 TO GrFOR D=0 TO &y READ MMkl
)“ﬂi(|)|(Hhr(h)uNfXI"NPXl

e $ SEORJ=@ 10 G READ M DE )
g E(M)nNLXI:NEKI
H@ FRCINT F e 8 6
J@ GET Gde TR Gk

YO )
YOTHEN 7@
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83O Y=RND T

G pmpe don FRONT, CHRE CLAE)  CHEGE CLEE) ¢
(W] NUMH& OBTRE (D COGHRE (17

1AQ L= INT (hhﬂ)(t)%6;)4l g M TINTT CRIND CL) %)+ 0
A Cl b M) mafy (L)

LI FOR J=0 0 TO 7eFRINT TR DE 0 8
FOCC&) DF (M J 0 e NEXT

L@ FPRINT FRINT "SOORE COUNT"

LEG FOR IT=0 T0O 1@

LA FRINT STRE (T+R) s "8 ="y A pu IR Tl
QR T=7 THEN PRINT

LS NEXT

1o FRINT s FRINT s FRINTS FRINT CHRE CLE4) 1A
MCTHER GO Y OR N”

170 GET G IF GEC 1YY AMD BTN THEN L
7@

18O IF GEs=0Y" THEN S0

1RO FRINT CHEE (LA7)  "RYE FOR NOW™ $ END
A0 REM DATH B L)H I)F" 31 GN

210 DATA ﬂl" . 3

220 DATE
DATH 1t
DATA 188,
DATH 18,
DATA 180,11 2
DATA Em4q1':”1/qu/U
FREM DATH FOR EACH Dlh thL
DATA @b b3 el aé

DATA D4 bl e

DATA @4, 1035, 10006

DATS @5, 101 005,06

DATH @S, 103510806

DATA @5, 1,85, 1,806

REMDY .

Playing cards

A regular pack of playing cards has 52 cards. In a well shuffled pack any
one of the 52 cards is likely to appear at the top. The next program,
Cards, illustrates how the Commodore 64 can simulate picking a card
from a well shuffled pack of playing cards. On each new selection it is
assumed that the previously selected card is replaced and the cards are well
shuffled again.
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G L BN FERINT CHRE CLA7) , Gk
VA CARDE" CHRE L7
A@ FRINT "THIS FROGROM SIMULATES THE DRO
WEING QF
4@ FRINT "6 CARD FROM 0 WELL  SHUFFLED PO
Glo " CHRE L7
W DIM AE LR s FOR T=0 TO 12 READ A% (1) N
EXT
GO FOR L=@0 T0O 2 READ  An B D) =OMRE (A) ¢ NEX
T
7@ FOR T=0 TO 5 READ o CF (1) sOMRE () 1 NEX
T
B8O FRINT, " FRESE Y' ek
POCGET G LFOGEC Y THEN 9@
T 1)
AW Bmkie Ly FRONT , CHRE CL45) "SELECTTON NUM
BAEERC ST (k) UCHRE LT
L@ L TN CRIND CL) % 13D 0 Mas DN CRIND (1) %4h )
LAQ@ FRINT TARLé+r (L=9)) CEM) A%y 0 v
B <MD
LA4@ FRINT: FRINT CHRE CEL) , "ANOTHER GO Y
OF MY
LEO@ GET G TF G2y AND G =N THEN |
S50
Lol TF GHE="Y' OTHEN 1o
L7@ FRINT CHRE (L47) "ERYE FOR NOW" 2 END
LB REM DOTA
1@ ODATA A2 A, 45,06, 7.8.9, 10,00,k
DATA 120, 128, 118,97
DATA 144,28, 26, 144

REMADY .

In the program Cards the cotuputer first selects a number between 0 and
12 which (by adding 1) determines the number appearing on the card. Next,
it selects a number between 0 and 3, this determines which of the four suits
the card represents. An alternative way would be to select a number
between 0 and 51:

K = INT(RND(1)*52)

and pick off the suit and number of the card from this number. This is
achieved by the following line.

L = INT(K/4): M = K - 4*L
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The number L now determines the card number while M determines the
suit.

The program Cards selects one card from a well shuffled pack. With
each new selection the card is replaced and the pack reshuffled. What if we
want to shuffle the pack once and then list the cards as they appear in
sequence from top to bottom? A different routine is required to achieve
this. Essentially we number the cards 0 to 51 and then randomly rearrange
these 52 numbers. This rearranging is done systematically; first the first
number is exchanged randomly with one of the other 51 numbers. Then the
second number is exchanged with one of the remaining 50 numbers. And so
on. The program Card Shuffle shows the technique.

LN OB L A7) G O
- SR L)
" |I||‘> P'I'a(){:l\(\l”l LS TRATES THE @

SO RIS
L FEaD Akl e N

AW FRCINT S OF P a,
e DIM A LD s FOR T
BT

GO OFOR T=@0 10 S READ a0 sUMRE () o NEX
0
TOOFOFR TR T Sy READ A O D) mOHReE A n e X
0
312 I) l IVI 0% CELY s FORC T 10 S0 e DV CTy s Dy NEXT
" B Y P LA ) ksl
s Y BN LR

GEUFFLE  NUREERC W TRE G

LR REM ™M l X I I\ll;
LAG FOR T=0 T0 5@
N CRINEY €y 9 O

L 6@ L SATIGFIES 1 o L oo N

7@ TEDW D) s DY CD) mDY (L) s DA (L)

180 NEXT

190 FOR T=0 TO 5

SO0 LaTNT (D% (LY /4) s MDY (D) =dwly TF Lo s9 T

N

FRINT G (M) A% (o " " fl (M) s

INEEX T

FERONT  FRONT s FRINT CHRE CEL AN THEFR
Y OOR N":FRINT FRINT 8 PRINT

GET e IF G 'Y AND G "N THEN 2
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@ TF Gty TREN LR

2@ FRINT [.,,l IR CLA7) MRYES FORC NOW" 5 END
SR REM DAT ('\

S DATA A, L PR ¢ TR I/ B B 1Y I
HL@ DATH ) ....TlZJ P N R B

Sl I DTS N S T WX Sl e 1 S W 1)

FEEATYY W

Non-equally likely events

Most of the examples we have looked at so far have the property that any
one of the events that can occur is as likely as any one of the others. The
next example is not.

A bucket contains 100 coloured buttons. There are 6 red buttons, 54 blue
ones and 40 green ones. To simulate the selection of a button from the
bucket we use the following lines.

X = RND(1)

R$ = “RED”

IFX> = 0.06 THEN RS = “BLUE”
IF X > = 0.60 THEN R$ = ‘“GREEN”’
PRINT R$

The program Buttons simulates the selection of a button from the bucket.
100 selections are made, after each selection the button is replaced.

Fek l"l I" STTCINE

SE O € LS FRINT CHEGE CLAT ) W CHFE CLE
45 " ELTTONS"  CHEE CL7)

ARPRINT CTHES FPROGRAM  LLLUES TR TES 10T
NG A

AG FRINT “EUTTOR FROM A BUCKET WITH 6 RE
Doy 54 Bl

SEOFRINT S "AND 4@ GREEN BUTTONS., * Okb CLY7

REES S Y @)

Sg s LFOGECRTY" O THEN 7@

R

Ak RCENTT ) GRS A FebdN - MUIM sl g
“S"l o (P ) " OLHRE (LT

R CEE) MR CL by ' R

I.}”
LR@ TR X e s, We THEN P CHRE CEL) -+ OHRE CL éé
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yoet o RELLUE!
e I
e GREREN"

LEGOFRINT TARCLE) REs FRINTS FRIMT  CHRSE CLD

A COOUNTE " s

140 Guaie (RE) 28 A ) A )+

TEH@ FRINT CHRGECRE) "RED"§A @) 40

L 6@ FRINT CHRE CRL) "RLUE" A CE)

170 FRINT CHRE CEQ) "EREEN" 3 A C2)

LB FRINTFRINT OCHRS CLEAL)  "ANDTHER GO? Y
OF N

L0 GET GHr IF G0 Y AND GECEINT O THEN L

4]

200 TF GE=UYYOTHEN 9@

21@ PRINT CHRE CL47)  "BEYE FOR NOW" s FORE ©

SRS HrEND

THEN  Fd=CRbeg C30) +CHRE CLbé

READY .
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CHAPTER 14
Meaningful data

What do you do when presented with a large amount of numerical data?
For instance, here’s a set of numbers which could be the results of some
experiment, results of some examination, etc.

23 67 89 45 40 10 5
19 99 40 23 9 11 21
34 34 56 41 42 27 80

You can gain a great deal of information about the data by looking at
such descriptive measures as the mean, the variance and the standard
deviation. But first the data has to be entered into our computer.

Such data could be stored on your Commodore 64 by using an array
X(D), so that X(0) = 23, X(1) = 67, etc. It could be entered interactively
by a simple program. This is illustrated with the programs Data Entry I
and Data Entry II.

200 REM DATA ENTRY I

B1W FRINT CHRE CLA7) o CHRGE CLE4) DT M

ENTRY " CHRE L)

ARG FRINT "THIS ALLOWS YO TO BENTER SCME
NLIY LTEAL DATA AT LEABT & CHRE L)

ARG PRINT "HOW MUCH DATA DO YOU WaNT 170

ENTERD CHERE CL7)

A TNFUT UNLIMEEF "y N FRINT

AH@LFNCE OR NS EINT MY THEN FRINT  UEE

A YN CeEATH 240

DhH@ MsN-LrDIM X CND

A7@ FRINT UNOW ENTER THE" N+L " LDTEMS OF

DATAL " CHRE LY

288 ORI T N

ADU FRINT "DATA NUMEBER" s T+5Ls s INFUT X CD)

E@R NEXT

FECINTT 8 FERINT L P ERESES Y O CONT FNLIE

TGk TR G VYR THEN RRG

FEaDY .
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Data Entry I asks, at the start, for the amount of data to be entered.
The array X(I) is then dimensioned appropriately. On the other hand
Data Entry II assumes that there are no more than 100 numbers to be
entered. You enter the data when requested, to stop you enter —99999.
If necessary, the number M in line 240 may be changed from 100 to some
other number.

This chapter contains several short programs which may be added to
the Data Entry programs. The final result is a useful program which will
help analyse your data.

HOWOREM DATA ENTRY 11

EL@FRINT CHRS CL47)  CHRE CLE4) DATA
ENTRY " CHRE (L7

RO FRINT CTHIS ALLOWS YOU T0 ENTER SCOME

OCAL DATA (AT LEAST @ " CHRECL?)
AEQFRINT "ENTER YOUR DATA, [TTEM BY 1TTEM
OCHRE L)

2HA FOR I=@ TO M
e FRINT s TF Dxl THEN FRINT CHR® CLE4) 6

FOCCL+) /71 " TYFE —-9999%9 10 END."

7D FRANT CHRE CLEE)  "DATA MUMEBRER" 2 1+1
SO INFUT X CEY e IR X (D) w9999 AND 1Tx1 TH
BN Nz L1 Te=M

ROQ IF X (D) me-99999 AND T42 THEN FRINT CH

Feg CLEd)  "T00 EARLY T0 BEND. s Isl-1

HO0 NEXT

A0 FRINT FRINT  CHRE CLE4)  "FRESS Y TO G0
NTENUE "

HE@ GET

G TR G ="y " THEN 320

The mean

The mean or average is an important statistical measure. It is obtained by
adding all the numbers together and dividing the sum by the number of
numbers.

sum of data
mean = _

number of data

If the numbers are stored in the array X(I) for I = 0to N — 1 then the
mean XM may be calculated using the following program lines.
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X=0
FOR I=0 TO N—1 : X=X+X(I) : NEXT
XM =X/N

The program Mean is a short program that calculates the mean and
prints it out. You may incorporate it with one of the Data Entry
programs.

A REM MEAN OF DATAH

ALQ FRINT CHFE CL4 7)) ORIRE CLEA) " DATE AN
ALYS LG CHRECL7) CHRE (L5ED

ALE S RRINT TNUMEER S OF DATA TTEMES = N1y
CHRE L7

G0 Xm@e R OR E=0 TO N XeX-X C5) s NEXT 8 XM=X/
CN- 1)
A5 FRINT "MEAN =y Xy GHRE CL7)

Max, min and spread

It’s often useful to know the maximum and minimum values of data. A
simple search may be made by your Commodore 64 to find these. The
following program is a short program which performs this function. In
addition, the range or spread of the data is calculated. This is simply the
difference between the largest and smallest numbers in the data.

DAN REM MAX . MIN AND SFREAD OF DATA
7

SO MAXm=- @ B AT MIN=L@ EE
GeR@ FOR L= TN

SA@ TR X D) HMAX THEN MAX=X (1)

Sa4@ IF X CIYMING THEN MEN=X (1)

SEY NEXT

Sigy@ RTINS UMM T MUM VALUE = e MIN

SO@ FIRENT  UMAX TMUM VEALLUIE = "y MAX

S FRRINT UTHE SEREAD TS = M MAX-MING CHE
L7

You may want your data sorted into increasing (or decreasing) order.
Several methods (such as bubble sort, quick sort, shell sort etc.) are
available. Details are not given here.

Standard deviation and variance

The mean is a simple, useful and powerful tool. But it does not tell us all
we need to know. For instance, look at the following sets of data:

DATA for X(I) 20, 21, 20, 19
DATA for Y(I) 38, 26, 14, 2
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The values of the means XM and YM are both 20. However there is
much greater variation in the data for Y(I) than for X(I). This variation
may be measured by using the standard deviation of the data.

The standard deviation of a set of data is given by the following
formula.

standard sum (difference between data and
2
o - SQR mean)
deviation number of data — 1

The variance is the square of the standard deviation.
The procedure for calculating the standard deviation of the data stored
in the array X(I) is as follows.

Calculate the mean XM.

Find the deviations from the mean, that is, the values X(I) — XM.
Square each deviation, that is, find the values (X(I) - XM)2.

Sum the squares of the deviations.

Divide by the number of terms less 1. This gives the variance XV of the
data.

6. Take the square root. This is the standard deviation XD of the data.

wv AW -

The standard deviation provides an idea of how much the data is
dispersed or spread out around the mean. Look at the following examples
again.

DATA for X(I) 20, 21, 20, 19
DATA for Y(I) 38,26, 14,2

The standard deviations are given by the following calculations.

XD = SQR((0*0 + 1*1 + 0*0 + (— 1)*(—1))/3)
= SQR(2/3)
0.816496581
YD = SQR((18*18 + 6*6 + (—6)*(—6) + (— 18)*(—18))/3)
= SQR(240)
= 15.4919334

This certainly reflects the difference in the spread of the data.

The next short program is for calculating the standard deviation of the
data stored in an array X(I).
HOB REM STANDARD DEVIATION
1O X=@:FOR T=0 TCO NoYsX () ~XMs XmX+yY*®Ys N
EXT
HRG XD=EER (X /N)
XD FRINT "STANDARD DEVIATION = s XDy CHR
¥OL7)
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Confidence intervals

The standard deviation is useful because it indicates to what extent the
data is spread about the mean. In many mass manufacturing processes the
product produced varies slightly in size or quality or length etc. We refer to
the items we are measuring as the population. The variation in the
population is often normally distributed.

Statisticians have found that the normal curve or normal distribution
approximates a large number of real-life data. If the amount of data is
large (more than about 30) then it is often assumed, for calculations, that
the population is normally distributed, even though it may not be
normally distributed.

Roughly speaking a population is normally distributed if it is
symmetrically spread about the mean; with most of the population at the
mean and very little far away from the mean.

More precisely, in a normally distributed population about 68% of the
population lies within 1 standard deviation from the mean, and about
96% lies within 2 standard deviations from the mean. More generally, the
next table lists the percentages associated with various multiples of the
standard deviation.

% of population  Multiple of standard deviation

50% 0.6745
68.27% I

80% 1.28
90% 1.645
95% 1.96
95.45% 2

99% 2.575
99.73% 3

The above tablie shows that we would expect 95% of a population to be
within 1.96 times the standard deviation from the mean. In other words
95% of the population lies within the range

XM - 1.96*XD to XM + 1.96*XD

where XM is the mean and XD the standard deviation. We refer to this
interval as the 95% confidence interval for the population. Similarly, the
99% confidence interval for the population is from

XM - 2.575*XD to XM + 2.575*XD
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Here is an illustration of how confidence intervals may be useful. You
suspect that a grocer is selling incompletely filled 2 litre bottles of
lemonade. You buy ten bottles and measure their contents carefully. The
results in litres are:

2.001, 2.040, 2.020, 2.000, 2.015
2.006, 2.005, 2.031, 2.008, 2.018

All the bottles contain 2 litres or more. But, let’s calculate the mean
and standard deviation of this data. The results are:

XM = 2.0144
XD = 0.0132

Now, assuming that our sample came from a normally distributed
population we can calculate some confidence intervals. The 95%
confidence interval for the population is from

2.0144 — 1.96*0.0132 to 2.0144 + 1.96*0.0132

that is, from

1.989 to 2.040

Thus we expect 95% of the bottles to contain between 1.989 and
2.040 litres. This means that we expect 2.5% would contain more than
2.040 litres, while 2.5% would contain less than 1.989 litres. We could
also work out the 90% confidence interval. This is from

2.0144 -~ 1.645*0.0132 to 2.0144 — 1.645*0.0132

or, from

1.993 to 2.036

Thus 90% of the bottles are expected to have between 1.993 and 2.036
litres. It follows that at least 5% of the lemonade bottles would contain
less than the required 2 litres. (Equally, at least 5% contain more than
2.036 litres.)

In the example just given many assumptions have been made and the
conclusions reached would be insufficient to lead to legal proceedings.

The mean of our population was calculated from a sample. How do we
know that this is the actual mean of the population? The mean may vary
with the sample taken. But, we can estimate how far our sample mean is
from the real mean by using the standard deviation. We can say with
95% confidence, that the mean is from

XM — 1.96*XD/SQR(N—-1) to XM + 1.96*XD/SQR(N—-1)
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where XM is the mean calculated from the sample of size N. We call this
the 95% confidence interval for the mean. The 99% confidence interval
for the mean is given by

XM - 2.575*XD/SQR(N—-1) to XM + 2.575*XD/SQR)(N — 1)

Strictly speaking these calculations are valid if the sample size is large
(say greater than 30). For smaller samples we should be using what is
called the student’s t distribution instead of the normal distribution. But
this is beyond the scope of this book.

Don’t take the confidence intervals too seriously and don’t confuse the
two types of confidence intervals.

The next program calculates 95% and 99% confidence intervals for
the population and mean.

J@@ REM CONFITDENCE INTEF
Z1@ Clel, Q6% XDeML=CL /SR OND 8 Clm, S75%XD e

77 GONE TDENCE INTERVALS: "
FRINT UEROF. FROM " XM=-CLls " TO "y XM+

|
ZAQ FRINT UMEAN FROM "3 XMe-MLIgt TO Uy XM
s CHEGE (17)

TEG FRINT "99% CONF IDENCE ITNTERVALS: "
7OU FRINT "FOF, FROM " XM=Chs " 10O "y XM+C

)

SO FRINT O PMEAN FROM e XM O T X MM
oy OHRCE C L7

Finishing touches
The programs in this chapter may be linked together to produce a useful

program for analysing data. The following program provides the
necessary linking parts.

L BT DT AN Y L6
S FRINT CHRCE CLA 7y W O (L84 0 Dent e N
ot MR CL 7 G CLEE)

RN TR E S FROGRAM ALLOWES YOu 100 BN
b Ddex T 6 ARND S ANSLYSE TT. " GRS L7

A FRCINT TR TERC THE DATA HAS
Loy O WL

3mme

SN ENT ERGE
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S R RN U RE FROVEDED WE TR TRE P OLL W ENG
INFORMA- TLOML " CHERE L7

GO OFRINT L. MEAN OF DeTAM 1

W OFRINT " MAX, MIN AND SFREAD OF DATA

UOCHRE (LT

O OFFRINT S STANDARD DEVIATION" CHRE L7

)

WW FHTNT T, QY AND W9 CONFTDENCE  TNTE

R L7

2 lxl!\ll..i FINT L CREFGE CLEG) URPRESGES Y TO GO

: sl @Y OTHEN S L@
I DATHA ENTRY T1
TNT QR CLA7 ) OrReE (LS4 DATA
ENTRY " CHRE L7
WEO FEINT UTHIS ALLOWES YOU TO ENTER SOME
LLOAL DATA (AT LEABT 2. CHRECLY)
MT UENTER YOUR DATA, TTEM Y LTEM
E (L)
BRDIM XM
o T=@ TO M
DB FRINT s TR D el THEN FERINT L CHEE LS4 &
FOCCIH0) Z70@) " TYRE 99999 10 BEND.
7@ FRINT  CHERE (L T I
AEQ 0 INFLUT X CTy e
wa e o | M
WO TF X (L) me Q@990 AN IR THEN FRINT G
hk(1u4) OO EARLY T END Ty T ]

EOO NEXT
"ﬁlm FEReENT 0 FRCTNTT  CRRE CLE4) RS

TH

Gidhn TR G0 x>y THEN 520
boMEAN OF I.)ﬂ‘- RE]
AL@ FRINT CHRE CLA7)  ORRE CLEAY " DaTe 6N
ALYELE" CHRE CL7) Ok 15D
ALEFRINT UNUMEER OF  DATa T TEME = %y Ny
CHRE CL7)

A2@ X=@a FOR T=@0 70 Ne XsXr X CF) nNMEX T 8 XX/
(M=)
AR FERINT "MEAN = "y XMy Gk CL 7))
SO REM MAX . MTN AND - SFREAD OF DATA
bim M X ) @B R s MUIN= L @) B B
R T TU M
XD MAX THEN MAX=Xx (1)
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Sa@ I X CIYIMING THEN MIN=X (1)
SEG NMEXT

S6@ PRINT "MINIMUM VALUE =
H7@ FRINT "MAXTMUM VALLUE
WEQ FRINT "THE SFREAD T8
F LT

HD REM STANDARD DEVIATION

GLEO X=@u FOR T=0 TO NoysX (L) —XMs XmX+Y*Y s N
EXT

G XD=HRR

MMM
"y MAX
" MO XM TN CHE

GE@ FRINT "STANDARD DEVIATION = " XDy CHR
LT

7A@ REM CONFTDEMCE ITNTERVALS

VA I}

mof o, PEKXD e MLm= /SRR OND) 8 Gl SB75% XD
w7 BEECOND

7RO FRINT "9HY CONFIDENCE TNTERVALS: Y

ZE@ FRINT "FOF. FROM " XM-CLlg " T "y XM
1
4@ FRINT "MEAN FROM s XM-MLs " T " e XM+M
1o CHRE CLT)

JE@ FRINT "9 CONFIDENCE TNTERVALS: M

76H@ FRINT "FOP. FROM s XM T "y XM

7O FRINT "MEAN FROM g XM-M2y " TO "3 XM+M
Gy CHFGE (17)

YOO REM ENDING?

IO FRINT: FRINT ., CHFEE (L54) "ANOTHER GO? Y
OR N

YR GET G#r IF BECEUYT AND G UNT THEN 9

QEGOTF Gy THEN RUN
WA FRENT CHRE CL47) CHRE CLE4) "RYE FOR N
QW END

FREAIY W
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Summary
(by chapter)

1. Simple functions

Displaying numbers neatly
Right-justified numbers

INT, the integral part of a number
ABS, the absolute value of a number
Rounding off numbers

Rounding up and down

Rounding off a number to D decimal places
Bank balances

Overdrawn bank balances

SGN, the sign or signum function
Displaying bank balances colourfully

2. Trigonometry

Scale drawings

Estimating heights and distances

Right angled triangles

Trigonometric functions, TAN, SIN and COS
Hypotenuse, opposite side, adjacent side
Radian

PI

Degrees to radians, radians to degrees
Finding lengths of a right angled triangle
Inverse functions

Arc tangent, ATN

Arc sine, ASN

Arc cosine, ACS

Pythagoras’ theorem

Non right-angled triangles

Law of cosines

Law of sines

Finding angles and/or sides of a triangle
Refraction

Angle of incidence, angle of refraction
Snell’s law

Refractive index

Reflection

Critical angle

151



Mathematics on the Commodore 64

3. Earth trigonometry

The Earth

Straight lines on the Earth

Great Circles

Lines of longitude

Greenwich, England

Lines of Latitude

Calculating the distance between two points on the Earth

4. Powers

Squares of numbers

Powers of numbers

Properties of powers

SQR, Square root

Imaginary numbers

Complex numbers

Complex numbers on the Commodore 64
Quadratic equations

Solving quadratic equations

Roots, finding roots

Formula for the roots of a quadratic equation
Discriminant

Solving quadratic equations on the 64
Solving other equations

Polynomial equation

Degree of a polynomial

Roots of polynomials

Newton’s method

Derivative of a polynomial

Finding roots via Newton’s method
EXP, the exponential function

E, EXP(1)

Factorial

Properties of the exponential function
Formula for exponential function
Logarithmic function

LOG, the natural logarithmic function
Properties of the logarithmic function
Finding roots of other functions

5. Sequences

Sequences

Terms of a sequence

Generating sequences

Arithmetic sequence, arithmetic progression
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Summary

Common difference

Generating arithmetic sequences
Which would you prefer?
Geometric sequence, geometric progression
Common ratio

Generating geometric sequences
Interest, compound interest
Daily interest

Double or quit gambling
Fibonacci sequences

Generating Fibonacci sequences

6. Number bases

Decimal system

Digits

Decimal representation

Base

Coefficients of a number N to a base B

Binary number system

Hexa-decimal numbers

Converting numbers from one base to another
Numbers on the Commodore 64

PEEKing numbers on the 64

Binary form of numbers between 0 and I
Displaying binary form of numbers between 0 and 1
Floating points

Binary exponent

Binary mantissa

1*(1 + 21-24) = 1 + 2]—25 according to the 64

7. Days and weeks

Days of the week

Zeller’s congruence

Finding the day of the week for any given date
Displaying a monthly calendar for any month, any year
Date management

Pseudo-Julian date

Listing dates a specified number of days apart

8. Greatest common divisor

Common divisor, common factor

Greatest common divisor, highest common factor
Euclidean algorithm

153



Mathematics on the Commodore 64

Calculating the greatest common divisor
Least common multiple
Calculating the least common multiple

9. Primes

Prime number

Composite number

There are infinitely many prime numbers
Sieve of Erastosthenes

Prime testing

Finding factors

Large primes

Mersenne numbers, Mersenne primes
Largest known prime

Probabilistic primality testing
Fermat’s little theorem

Pseudoprime to a base

Most pseudoprimes are genuine primes

10. Odds and ends

Pythagorean triplets

Primitive Pythagorean triplets

Generating primitive Pythagorean triplets

Multi-precision powers

Calculating products of large numbers accurately on the 64
Calculating arbitrary large powers accurately

11. Matrices

Matrices, rectangular arrays of numbers
M by N matrix

Square matrix

Adding matrices

Why add matrices?

Matrix multiplication

Why multiply matrices

Zero matrix

Identity matrix

Inverse of a matrix, reciprocal of a matrix
Calculating the inverse of a matrix
Simultaneous matrices

Solving simultaneous matrices

12. Codes
Cryptography
Ciphers
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Substitution codes

Sample substitution code program
Matrix codes

Using matrices to cipher messages
Sample matrix code program
Public-key codes

Prime numbers and secure codes

13. Random!

Heads and tails

Tossing coins

Random numbers

Simulating coin spinning on the Commodore 64
Of dice and men

Die rolling

Probability

Simulating die rolling

Simulating two dice rolling

Playing cards

Simulating card picking

Shuffling a pack of cards randomly
Non-equally likely events

Bucket with 100 coloured buttons
Simulating button picking from a bucket

14. Meaningful data

Entering numerical data into the Commodore 64
Mean, average

Calculating the mean

Maximum and minimum

Spread, range

Calculating the max, min and spread

Standard deviation

Variance

Calculating the standard deviation

Confidence intervals

Normal distribution

Calculating confidence intervals for a population
Calculating confidence intervals for the mean
Student’s t distribution
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Other titles from Sunshine

SPECTRUM BOOKS

Master your ZX Microdrive
A Pennell £6.95
ISBN 0 946408 19 X

The Working Spectrum
D Lawrence £5.95
ISBN 0 946408 00 9

Spectrum Adventures

A guide to playing and writing adventures

T Bridge & R Carnell £5.95
ISBN 0 944408 07 6

Spectrum Machine Code Applications
D Laine £6.95
ISBN 0 946408 17 3

COMMODORE 64 BOOKS

The Working Commodore 64
D Lawrence £5.95
ISBN 0 946408 02 5

Commodore 64 Machine Code Master
D Lawrence & M England £6.95
ISBN 0 946408 05 X

Commodore 64 Adventures
M Grace £5.95
ISBN 0 946408 11 4

Business Applications for the Commodore 64
J Hall £5.95
ISBN 0 946408 12 2

Graphic Art for the Commodore 64
B Allan £5.95
ISBN 0 946408 15 7

ELECTRON BOOKS

Graphic Art for the Electron
B Allan £5.95
ISBN 0 946408 20 3

Programming for Education on the Electron Computer
J Scriven & P Hall £5.95
ISBN 0 946408 21 1
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BBC COMPUTER BOOKS
Functional Forth for the BBC computer
B Allan £5.95
ISBN 0 946408 04 1

Programming for Education on the BBC computer
J Scriven & P Hall £5.95
ISBN 0 946408 10 6

Graphic Art on the BBC computer
B Allan £5.95
ISBN 0 946408 08 4

DIY Robotics and Sensors for the BBC computer
J Billingsley £6.95
ISBN 0 946408 13 0

DRAGON BOOKS

The Working Dragon
D Lawrence £5.95
ISBN 0 946408 01 7

Dragon 32 Gamesmaster

K & S Brain £5.95
[SBN 0 946408 03 3

The Dragon Trainer

A handbook for beginners

B Lloyd £5.95
ISBN 0 946408 09 2

Advanced Sound & Graphics for the Dragon

K & S Brain £5.95
ISBN 0 946408 06 8
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Sunshine also publishes

POPULAR COMPUTING WEEKLY

The first weekly magazine for home computer users. Each copy contains
Top 10 charts of the best-selling software and books and up-to-the-
minute details of the latest games. Other features in the magazine include
regular hardware and software reviews, programming hints, computer
swap, adventure corner and pages of listings for the Spectrum, Dragon,
BBC, VIC 20 and 64, ZX 81 and other popular micros. Only 35p a week,
a year’s subscription costs £19.95 (£9.98 for six months) in the UK and
£37.40 (£18.70 for six months) overseas.

DRAGON USER

The monthly magazine for all users of Dragon microcomputers. Each
issue contains reviews of software and peripherals, programming advice
for beginners and advanced users, program listings, a technical advisory
service and all the latest news related to the Dragon. A year’s subscrip-
tion (12 issues) costs £8.00 in the UK and £14.00 overseas.

MICRO ADVENTURER

The monthly magazine for everyone interested in Adventure games, war
gaming and simulation/role playing games. Include reviews of all the
latest software, lists of all the software available and programming
advice. A year’s subscription (12 issues) cost £10 in the UK and £16
overseas.

COMMODORE HORIZONS

The monthly magazine for all users of Commodore computers. Each issue
contains reviews of software and peripherals, programming advice for
beginners and advanced users, program listings, a technical advisory
service and all the latest news. A year’s subscription costs £10 in the UK
and £16 overseas.

For further information contact:
Sunshine

12—13 Little Newport Street
London WC2R 3LD

01-437 4343

Printed in England by Commercial Colour Press, London E7.
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Have you ever found that parts of your pro?rams are

difficult to write? You know what you want to do but

you are not quite sure how to do it. Will COS, ABS, or

'S‘G'N Sic. be any use? What are they and how can they
elp?

This book explains all these mathematical utilities. In
fact, all the mathematical functions that you find on
the Commodore 64 are described. Their use is
illustrated in short programs that you can lift and use
within your own programs.

The book is packed with information on such diverse

subjects as codes and cryptography, random

numbers, logic, sequences and series, trigonometry,

giri't'l‘et inumbers, arrays and matrices, probability and
atistics.

Czes Kosniowski is a lecturer at the University of Newcastle
upon Tyne. He has written several books and articles on
mathematics and on computing. He is a regular
contributor to Popular Computing Weekly.

ISBN 0946408 14 9 £5.95



